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Motivation 

• Supress Gaussian noise processes of unknown 
spectral characteristics in detection and parameter 
estimation problems

• Reconstruction of magnitude and phase 
information of signals and systems

• Detect and characterize nonlinearities in time 
series
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Moments and Cummulants
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Moments and Cummulants
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Moments and Cummulants
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Moments and Cummulants

Leonov-Shiryaev formula
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Moments and Cummulants
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Moments and Cummulants
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Calculation of Cum. of order r requires moments up to order r!
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Properties of Moments and Cummulants
(not complete!)
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Properties of Moments and Cummulants
(not complete!)
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Properties of Moments and Cummulants
(not complete!)

{ }1, , nx x… jointly Gaussian[ ]1, , 0, 2nCum x x n= >…3.)
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Properties of Moments and Cummulants
(not complete!)
Example: Noise supression

, 1, 2, 3i i iz y x i= + =
{ }1 2 3, ,y y y

Gaussian noise

joint prob. density function is not Gaussian !

{ }1 2 3, ,x x x joint prob. density function is Gaussian and
Independent of { }1 2 3, ,y y y

[ ] [ ]1 2 3 1 2 3, , , ,Cum z z z Cum y y y=with 2.) and 3.)
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Moments and Cummulants of Stationary 
Processes
{ }( ) , 0, 1, 2,X k k = ± ± …

Real stationary random process
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Moments and Cummulants of Stationary 
Processes

1st-order cummulant

{ }1 1( )x xc E X k m= = mean value

2nd-order cummulant

( ) ( ) ( )22 2 1
x x xc m mτ τ= − covariance sequence

autocorrelation sequence

( )2 2 10 , 0x x xc mγ= =

( )3 3 10, 0 , 0x x xc mγ= =

variance

skewness
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Cummulant Spectra
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Linear Phase Shifts
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Cummulant spectra supress linear phase shifts!

Cross-cummulants
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Linear Phase Shifts
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e.g. for time delay estimation
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Regression Coefficients
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Regression Coefficients
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Nonminimum Phase LTI Systems

• Cummulant Spectra for n>2 preserve phase information
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Example: Bispectrum n=3
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Nonminimum Phase LTI Systems

6th-order MA system
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same magnitude
response !

minimum phase system !
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Nonminimum Phase LTI Systems

( ) ( ) ( ) ( )1,2,3
3 1 2 1 2 1 2,yC H H Hω ω ω ω ω ω= +
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Nonminimum Phase LTI Systems

( ) ( ) ( ) ( )1

1 1 13 1 2 1 2 1 2,y
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Coherency Function
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Example: distinguish between linear non-Gaussian

and nonlinear processes

( ) ( ) ( ) ( ) ( )
( ){ }

1 1 1 1 1 1 1 1, , , ,
x
n

y x
n n n n n n

if X k is white

C H H H C
γ

ω ω ω ω ω ω ω ω∗
− − − −= + +… " " …�������	������


( ) ( )
2

2 2
y xC Hω γ ω=

( )
( )

1
2

2

, ,
x

y n
nn n

x
P γω ω

γ
=…coherency index



CD-Lab for Nonlinear Signal Processing

Coherency Function
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Nonlinear System Identification

2nd-order homogeneous Volterra system
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Nonlinear System Identification

2nd-order homogeneous Volterra system
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Nonlinear System Identification

2nd-order Volterra system
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Nonlinear System Identification

2nd-order Volterra system

( ) ( ) ( ) ( ) ( ) ( )1 2 2 1
FTx x

yx yx
i

c h i c i C C Hτ τ ω ω ω= + ⎯⎯⎯→ = −∑

2.)

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 2

1 2 1 2

2 1 2 2 1 1 2 2 2 2 1 2 2 2 1

, , ,

,

yxx

x x x x

i i

c Cum Y k X k X k

h i i c i c i c i c i

τ τ τ τ

τ τ τ τ

⎡ ⎤= + + ⎯⎯→⎣ ⎦
⎡ ⎤+ + + + +⎣ ⎦∑∑

( ) ( ) ( ) ( )1 2 2 1 2 2 2 1 2, 2 ,x x
yxxC C C Hω ω ω ω ω ω= − −


	Introduction to Higher-Order Spectra Analysis

