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Outline

* Motivation

« Moments and Cummulants (basic definitions, properties,..)
 Moments and Cummulants of Stationary Processes
 Cummulant Spectra (power spectrum,..)

 Linear Phase Shifts

» Regression Coefficient (linear system identification)
 Nonminimum Phase LTI Systems

» Coherency Function

* Nonlinear System Identification
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Motivation

« Supress Gaussian noise processes of unknown
spectral characteristics in detection and parameter
estimation problems

e Reconstruction of magnitude and phase
iInformation of signals and systems

e Detect and characterize nonlinearities in time
series
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Moments and Cummulants

k k kK k
Mom|x;", x}?,..., E{x1x2 x”}:
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/

joint charact. Function (Fourier transform of the joint pdf!)

\

6 (@rr0,) = B{exp (i, + -+ 0,2,))} =
_f fexp (wz, + -+ w,z ))p(xl,...,xn)dxl...dxn
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joint pdf
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Moments and Cummulants

Cumlz}, 2, ..., x| =

;0" (W, wy,...w, )

N (%wfl Owl ... 0w

Wy =wy=+-=w, =0

/

Natural log. of the joint charact. Function

\

Y (wy-eyw, ) =In[é(w,...w,)]
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Moments and Cummulants

m, = Mom|[x] = E {x}
m, = Mom/|z,z| = E{x2}

= Cumiz) = —j d(ln¢ W) _ . 1 dpw)| _ m
dw 0 O(w) dw |,_g
2
c, :Cum[:c,:v]:(—jfdw(;d) =
dw” | _,
_d [ 1 dgb(w)] B S—
dw L

O(w) dw
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Moments and Cummulants

Leonov-Shiryaev formula

Cum|z,,...,x,| = z:(—l)p_1 (p—1)!

7;631

>E<

gZESp
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Moments and Cummulants

Cum |, @y, ;| = 7

p=1 s, =41,2,3}
p=2 s ={1},s, ={2,3}
s, =12},s, ={1,3}
s, =1{3},s, ={1,2}
p=3 s =A{l},8 =12}, = {3}
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Moments and Cummulants

Cum [ml, T, , x3] =5 {x1x2x3} —F {xl}E {x2x3} —F {ZI]Z}E {xlx3}
— E{z,} E{a,z,} + 2FE{z, } E{z,} E{x,}

Calculation of Cum. of order r requires moments up to order r!
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Properties of Moments and Cummulants
(not complete!)

1.)| Cum|z,,...,x,|=0, Mom|z,,...,z,|=0

{z,.om bz 0z = Y (W, w, ) =
~N 7

stat. independent % <w1, B wk) T ¢2 (le’ T wn)
w ) N\ J
Y Y
\ , /
=0
Ow, ...0w,
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Properties of Moments and Cummulants
(not complete!)

2) C’U/mlajl_l_ylyyxn—l_yn]:

— Cum[:ljl,...,il?n]‘|_Cum[yp“'ayn]

MOm[xl —I_yly-”)xn —I_yn] =

— Mom|z,,...,x,|+ Mom[y,,...,,]

{2 oz by, o}
\ / Proof is similar as in 1.)

stat. independent
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Properties of Moments and Cummulants
(not complete!)

3) Cum [5131,---,513n] = 0,n > 2 {Il,...,xn}jointly Gaussian

1 )
(W) = exp(jwm1 - §w202]

Mgy My ...

Intoduces no additional
Information !

1
V(W) = jwm, — §w202 >
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Properties of Moments and Cummulants
(not complete!)

Example: Noise supression

Ga:u/ssian noise
{yl, Ys,s yg} joint prob. density function is not Gaussian !

{xl, Ty, 5133} joint prob. density function is Gaussian and
Independent of {y,,y,, v}

with 2.) and 3) —| Cum |2, 2,, 2, | = Cum |y;, Yy, s |
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Moments and Cummulants of Stationary
Processes

{X(k)},k=0,£1,+2,...

N

Real stationary random process

Mom|X (k), X (k+7,),.... X (k+7,.)|=E{X(&) X (k+ 1) X(k+7,,)}

— _
~

T
mn (7-17...’7-/”,_1)

c (7‘1,.. T ) — Cum[X(k:),X(k: + Tl),...,X(k + Tn—l)]

Y "n—1

CD-Lab for Nonlinear Signal Processings



ﬂ

Moments and Cummulants of Stationary
Processes

1st-order cummulant

¢ = E{X(k)} =m; | meanvalue

2nd-order cummulant

2
Hh T Hh .
c, (1) =m, (T) — (’m1 ) covariance sequence
H_I
autocorrelation sequence

¢, (0)=r,, m{ =0 variance

¢; (0,0) =5, m =0 skewness
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Cummulant Spectra

©9) ©.@)

Cm(wp » Wy 1): Z Z Ci(Tl""’T"*)

T1=—00 Tp—1=—00

eXp{ wlTl T+t wn 17-77, 1)}
complex periodic function

Power Spectrum: n=2

1 .
Cy (w) =) ¢ (Mexp(—jwr) ¢ (T) = 2—fo (W) exp (jwr)dw
T e

1
it =0—> & (0)=—]C;Wdw

/4 2T _W/

power power spectrum
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Linear Phase Shifts

Y (k) = X (k — D)

Ty T )| = C’um[Y(k),Y(k—I—Tl),...,Y<k—|—7'n_1)]
=Cum|X (k—-D),X(k—D+7),...X(k—=D+r,,)]

- T
= C, (7'1,...,7_”_1)

Cummulant spectra supress linear phase shifts!

Cross-cummulants
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Linear Phase Shifts

Thyees Ty ) = Cum[X(k),Y(k+Tl),X(k+72),...,X(/<;+Tn_1)]
— Cum[X(k),X(k—D+7‘1),X(/<:+72), X(k+71, 1)]
=c (7’1 —D,TZ...,Tn_l)

l

ety ) = € (w000, ) exp(— D)

Cross-cummulant spectra preserve linear phase shifts!

e.g. for time delay estimation
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Regression Coefficients

Example: linear system identification

:Zh(z’)X —i), E{X(k)} =0

¢, (M= Cum|X (k),Y (k+ )] Zh )Cum|X (k), X (k+ 7 —i)]

— Zh(i)cg (7 —1) » frequency-domain
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Regression Coefficients

C,, (W) = Zcmy (T) exp (—jwr) ZZh i)c, (T —1i)exp(—jwr)

variable change

= Z ¢, () exp (—jwv) Z h (i) exp (—jwi)

C5 (W) Hw)

|

R(w) = H (w)
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Nonminimum Phase LTI Systems

« Cummulant Spectra for n>2 preserve phase information

Y (k) = Zh(z’)X(k—z‘), E{X(k)} =0

" (wl,...,w ): H(wl)---H(w )H* (wl +---+wn_1)p7f (wl,...,wn_l)

T zf{X(l;)}zs white

n—1 n—1

Example: Bispectrum n=3

Y (wl,wQ) H(wl)H(wQ)H* (% + wQ)fy?f
vy (wpwz) = ¢y <w1) + oy <w2) — @y <w1 T wz)

\

phase of the LTI system
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Nonminimum Phase LTI Systems

6th-order MA system minimum phase system !

H (z)=(1-0.85z")(1-1.227" 4+ 0.452*)(1 - 0.869z ")

(141127 +0.6172%)

H,(z)=(1-0.852")(1-1.22"" + 0.4527) (1 — 0.8692) >same magnitude

2 response !
(1+1.12 4+ 0.6172%)

H,(z)=(1-0.852"")(1 — 1.2z + 0.452) (1 — 0.8692)

(1+1.12 4+ 0.6172%) )
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Nonminimum Phase LTI Systems
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Nonminimum Phase LTI Systems
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Coherency Function

C' (wyy..oyw, ;)

O (w)CY (w, ) CY (w, ++ +w,, )]

P’ (wy,...,w, ;)=

n

Example: distinguish between linear non-Gaussian

and nonlinear processes

" (wl,...,wn_l) = H(wl)---H(wn_l)H* (wl 4 wn_l)qf (wl,...,wn_l)

Vo if {X (7;)}1'8 white

C! (w) =~ [H (W)

P’ (wy,...,w,)

coherency index n <7m>
2
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Coherency Function

0, if Y (k)isGaussian forn > 2

— 1T 7,if Y (k) islinear non — Gaussian
()2

fwy,..ow, ), ifY (k) isnonlinear

P’ (wl,...,wn)

n
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Nonlinear System ldentification

2nd-order homogeneous Volterra system

Y(k)=>") hy(i,5) X (k=) X (k—1,)
L \Gaussian
Cym<7'1,7'2):Cum[Y(k),X(k—1—7'1>,X<]€—1—T2)]:
:ZZh2(z’l,iQ)Cum[X(k—z'l)X(k—z’z),X(k+Tl),X(k+72)]
v ~— ~— —
Wiener Leonov-Shiryaev
:Z:ZhQ(z'l,z'Q)[E{X(k—z‘l)X(k—z‘z)X(/mLTl)X(k+T2)}—

E{X (ki) X (k=) E{X (k+7,)X (k+7,)}]
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Nonlinear System Identification

2nd-order homogeneous Volterra system

— Zzh Z177’2)[62 (Zl + 7_1)62 <22 + Tz) +¢ (7’1 + 7_2>Cz (Zz + 7_1>]

i )

y:l:x wl7w2 z :z :Cya::c 7-177-2 eXP( ]<w171+w27-2>)

Cy:vx (wuwz) = 20, ("‘Jl)sz (wz)H2 (_w17_w2>
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Nonlinear System Identification

2nd-order Volterra system

Y(k) — Z}H(Z)X(k_z) +Zzh2 <i17i2>X(k_i1)X(k_i2>

J N _/

Y, (k) Y, (k)

1)
Cp (T) = Cum|Y (k), X (k+7)] = Cum|Y, (k) + Y, (k),X (k+ 7)] =

— Zhl (1) Cum | X (k— 1), X (k+ 7)]

+ 22D (i) Cu k—i) X (k—14,),X(k+7)]

Wiener
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Nonlinear System Identification

2nd-order Volterra system

¢, (M =Y h(i)e; (i+7)—"—C, (W) = Cy (w) H, (—w)

2)
Cpre (71,72) — Cum[Y(k),X(k + 7'1>,X(]{3 + TQ)]%

Zzhz (iv@é)[cg (f+7)er (b + 7o)+ 6 (4 + 7)) e (6 + Tl)]

1 )

Cy:cx (wuwz) = 20, (wl)O; <w2)H2 (_wD_wQ)

CD-Lab for Nonlinear Signal Proce



	Introduction to Higher-Order Spectra Analysis

