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Abstract—The Cramér-Rao lower bound (CRLB) on the rang-
ing error variance is revisited to quantify the influence of dense
multipath in indoor environments. Our analytical results yield
novel insight on the scaling of the ranging and positioning
accuracy as a function of bandwidth and number of diversity
branches. It also yields insight in the detectability of the use-
ful line-of-sight signal component. It is found that the Fisher
information scales faster than quadratically in bandwidth but
only linearly in the number of independent diversity branches.
We investigate the entire bandwidth-range from the flat-fading
narrowband case up to ultra-wideband.

Index Terms—Cramér-Rao bound, dense multipath channels,
ranging, positioning, indoor environments, diversity, MIMO.

I. INTRODUCTION

ACCURATE indoor positioning remains a profound chal-

lenge. Lacking availability and insufficient accuracy of

global satellite-based positioning systems, limited bandwidth

of current wireless standards, and a heterogeneity of appli-

cation scenarios are among the main reasons hindering the

adoption of indoor positioning systems.

The study of performance bounds allows for fundamental

insights on the system requirements and design principles. For

example in [1], [2], the Cramér Rao lower bound (CRLB) has

been used to investigated the performance limits of radiopo-

sitioning and radar systems. These results yield insight in the

influence of the anchor geometry and signal parameters such

as bandwidth (BW) and signal-to-noise ratio (SNR).

For indoor positioning, ultra-wideband (UWB) radio signals

have been considered most promising, because individual

multipath components (MPC) can potentially be separated

from each other at the resulting fine time resolution. For

example in [3], the CRLB and the Ziv-Zakai Bound (ZZB)

have been discussed for the stochastic IEEE 802.15.4a UWB

channel model. The ZZB yields insight in the detectability

of the information-bearing line-of-sight (LOS) signal compo-

nent. The additional information comprised in geometrically

modeled deterministic components has been quantified in [4],

modeling the channel as a combination of specular reflections

and so-called dense or diffuse multipath (DM) [5].

The reduced BW of non-UWB radio systems leads to

massive path-overlap preventing the separation of different

geometric propagation paths. For a flat fading channel, the

DM completely interferes with the LOS component, while

for the UWB case the LOS component is separated from

the DM. BWs in-between these “extreme” cases lead to
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substantial distortion and fading of the received LOS signal

simultaneously. In [1] a path-overlap coefficient is introduced

to quantify multipath interference in the first contiguous cluster

of arriving signal components. The impact of multipath on

energy-detector-based ranging has been analyzed in [6].

In this letter, we revisit the performance limit of radio-

based ranging and positioning in presence of dense multipath.

We introduce a Gaussian stochastic model for the diffuse

multipath, formulate and analyze the CRLB on the ranging and

positioning performance, and show how diversity combining

of quasi-co-located but independent ranging measurements

scales the ranging error bound (REB) and the position error

bound (PEB). Our results are useful for accounting for the

impact of DM in indoor channels, e.g., for the optimization of

network localization techniques [7]–[9] or for the design and

analysis of array-based positioning [10], [11].

II. SIGNAL MODEL

We consider L measurements obtained from signal trans-

missions among an agent at unknown position p and anchors

at known positions aℓ, ℓ = 1, . . . , L. A signal s(t) is

transmitted; the corresponding baseband equivalent received

signal is modeled as [4]

rℓ(t) = αℓs(t− τℓ) + (s ∗ νℓ)(t) + w(t) (1)

where the first term is the LOS component with complex

amplitude αℓ and delay τℓ. The delay is deterministically

related to the agent and anchor positions, expressed by e.g.

τℓ = 1
c
‖p − aℓ‖ for active positioning with an anchor at

position aℓ. Constant c is the speed of light. We assume the

energy of s(t) to be normalized to one, hence |αℓ|2 is the

energy of the LOS component of measurement ℓ.
The second term denotes the convolution of the transmitted

signal s(t) with a random process νℓ(t) that accounts for dense

multipath (DM). We assume uncorrelated scattering along the

delay axis t, hence the auto-correlation function of νℓ(t) is

K(ℓ)
ν (t, u) = Eν {νℓ(t)ν

∗
ℓ (u)} = S(ℓ)

ν (t− τℓ)δ(t− u) (2)

where S
(ℓ)
ν (t) is the power delay profile (PDP) of the DM at

the agent position p as a function of the excess delay time. The

DM process is assumed to be a zero-mean Gaussian process

that is quasi-stationary in the spatial domain, which means that

S
(ℓ)
ν (t) does not change in the vicinity of position p.

Finally, w(t) denotes additive white Gaussian noise

(AWGN) with double-sided power spectral density N0/2.

III. RANGING ERROR BOUND

To investigate the BW scaling of the ranging error variance

in presence of DM, we derive the REB, defined as the square



root of the inverse of the equivalent Fisher information (EFI)

R(τ) =
√

I−1
τ , the square root of the CRLB var{τ̂} ≥ I−1

τ

for the delay-estimation problem. For simplicity, we drop

the measurement index ℓ. The EFI can be computed from

the likelihood function f(r|ψ) for the received signal r

conditioned on parameter vector ψ = [τ,ℜα,ℑα]T which

comprises delay τ and real and imaginary parts of amplitude

α. This likelihood function is defined, under the Gaussian

assumption and for a sampled received signal vector r =
[r(0), r(Ts), . . . , r((N − 1)Ts)]

T ∈ CN , by

f(r|ψ) ∝ exp
{

−(r− sτα)
HC−1

n (r− sτα)
}

(3)

where sτ is a delayed version sτ = [s(−τ), s(Ts − τ), . . . ,
s((N − 1)Ts − τ)]T of the sampled transmit signal and

Cn = σ2
nIN + Cc ∈ RN×N denotes the covariance matrix

of the noise processes. The inverse of the covariance matrix

represents a whitening operation to account for the (nonsta-

tionary, colored) noise process [12]. To gain insight in this

operation, we write Cn =
∑N−1

i=0 uiu
H
i (λi + σ2

n) where ui

and λi ∈ R are the i-th eigenvector and eigenvalue of Cc

(see the appendix). Note that λi quantifies the DM power

in direction of ui while σ2
n = N0/Ts is the variance of

the AWGN samples. Using this expansion, we introduce the

Fourier-weighted inner product (in the Hilbert space H)

〈x,y〉H = σ2
ny

HC−1
n x (4)

=

N−1
∑

i=0

yHuiu
H
i x

λi/σ2
n + 1

(5)

and the induced norm ‖x‖2H = 〈x,x〉H and obtain—as shown

in the appendix—the EFI for the delay parameter τ as

Iτ =2
|α|2

σ2
n

‖ṡτ‖
2
H sin2(ϕ) + tr

[

C−1
n

∂Cn

∂τ
C−1

n

∂Cn

∂τ

]

(6)

where ṡτ = ∂sτ/∂τ is the derivative of s(t− τ) with respect

to τ and ϕ is the angle between ṡτ and sτ in H.

The first part of (6) is for the delay estimation from the

deterministic LOS signal αsτ , while the second part quantifies

additional delay information provided by the DM process. 1

In LOS situations—which are the focus of this paper—the

former will by far dominate over the latter. The reason for

this is the stochastic nature and the much longer time-extent

(unless the bandwidth is very low) of the DM in contrast to

the deterministic LOS component. A numeric validation of this

proposition is included in Fig. 2 (see “REB w/ PDP estim.”). It

shows that indeed the impact is negligible in the more-relevant

high-bandwidth region. We thus limit the further discussion to

the first part of (6), written as I
(I)
τ .

Discussion: It is evident from (5) that the impact of

DM is influenced by the interference-to-noise power ratio

(INR), because the DM power is expressed by the level of

the eigenvalues. In case of negligible DM, we get the well-

known AWGN case [12] with

I(AWGN)
τ = 8π2β2SNR (7)

1We assume that other parameters of the DM (e.g. its total power and the
shape of the PDP) can be estimated from an ensemble of past measurements.
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Fig. 1. SINR, S̃INR, whitening gain γ, and information loss sin2(ϕ) as a
function of bandwidth. Channel and signal parameters: ELOS/N0= 30 dB,
KLOS = 0 dB, RMS delay spread 17.3 ns; DM: double-exponential PDP,
γrise = 5 ns, γdec = 20 ns, χ = 0.98 ; signal: root-raised-cosine pulse, roll-
off R = 0.6 . (See [4] for a detailed description of the model parameters.)

where β2 = ‖ṡτ‖
2 /(4π2‖sτ‖2) =

∫

f
f2|S(f)|2df is the

mean-square bandwidth of the (energy-normalized) transmit

pulse s(t)
F
←→ S(f), and SNR = |α|2‖sτ‖2Ts/N0 is the

SNR. (Note that here the norms are without weighting.)

We can decompose the first part of (6) as in (7) to obtain

I(I)τ = 8π2β2
wSINR sin2(ϕ) (8)

with the extended (mean-square) bandwidth of the whitened

pulse β2
w = ‖ṡτ‖

2
H /(4π2 ‖sτ‖

2
H), the signal-to-interference-

and-noise ratio (SINR)

SINR =
|α|2

N0
‖sτ‖

2
H Ts (9)

and the factor sin2(ϕ) ∈ [0, 1]. The weighted norm in (9)

accounts for the reduced SNR due to the interfering DM, hence

the term SINR. Fig. 1 illustrates this parameter as a function

of the signal BW. At low BW, it converges to the Ricean K-

factor of the channel since all DM interferes with the LOS.

At high BW, the LOS is resolved from the DM, hence the

SINR converges to the SNR. This interpretation implies that

the SINR determines the detection probability of the LOS in

DM. It also reflects the amplitude fading of the LOS in DM.

Fig. 1 also shows sin2(ϕ) which quantifies the information-

loss due to the estimation of the nuisance parameter α (see the

appendix). Remember that ϕ is the angle between sτ and ṡτ
in H. Common pulses s(t) (e.g. even or odd waveforms) have

derivatives that are orthogonal, i.e. sin2(ϕ) = 1, hence there is

no cost for the estimation of α. However, this property is lost

in nonstationary noise when the whithening operation makes

the pulse shape asymmetric. The figure shows an information

loss at an intermediate range of BW.

Unfortunately the extended bandwidth β2
w in (8) is influ-

enced by the whitening, which obscures the signal-bandwidth

dependence quantified by the original β2. For this reason, we

introduce the whitening gain γ = β2
w/β

2 ≥ 1 that captures

the SINR gain due to the whitening and obtain

I(I)τ = 8π2β2γSINR sin2(ϕ) (10)

= 8π2β2S̃INR. (11)



In the second line, we introduce the effective SINR, S̃INR to

arrive at a similarly compact form as in the AWGN case (7).

The effective SINR can also be written as

S̃INR = SNR
‖ṡτ‖

2
H

‖ṡτ‖
2 sin2(ϕ) (12)

which highlights that it quantifies a loss of SNR due to (i) the

influence of whitening on the pulse derivative ṡτ and (ii) the

impact of estimating the nuisance parameter α.

As seen from Fig. 1, the S̃INR follows the SINR at high

BW but it reverses its trend at low BW and converges again

towards the SNR due to the impact of γ. This reflects the

pulse distortion of the LOS due to DM: The pulse distortion

is negligible at very high BW because there is hardly any DM

to interfere with the LOS due to the high time resolution (the

UWB case). It is also negligible at very low BW, where all

DM interferes with the LOS and we obtain the flat-fading case.

With the illustration of Fig. 1, the following bandwidth

scaling can be observed from (11): Due to β2, the REB would

decrease reciprocally with the signal BW. This behavior is

well-known from the AWGN case (7). However, the S̃INR also

scales with the BW. This yields, for large BWs (> 10 MHz in

Fig. 1), a super-linear scaling of the REB with the bandwidth-

inverse since increasing the BW reduces the interfering DM.

Surprisingly, this effect is reversed at very low BWs where

the flat-fading case is approached.

IV. POSITION ERROR BOUND AND DIVERSITY GAIN

The PEB is the CRLB on the position estimation error,

√

E {‖p− p̂‖2} ≥ P{p} =
√

tr
{

III−1
p

}

, (13)

the inverse of the so-called equivalent Fisher information

matrix (EFIM) IIIp on the agent position p [1]. The block

inversion lemma and a matrix transformation are used to obtain

the EFIM from the FIM on the signal parameters ψℓ [1], [4],

where we reintroduce multiple measurements ℓ = 1, 2, . . . , L.

Assuming independence of these range measurements, the

EFIM IIIp can be written as [1], [4]

IIIp =
8π2β2

c2

L
∑

ℓ=1

S̃INRℓDr(φℓ) (14)

where Dr(φℓ) is the ranging direction matrix (cf. [1]) for

measurement ℓ, a rank-one matrix with an eigenvector in the

direction in which the obtained ranging information points.

This direction is related to the geometry of the involved agent

and anchors, expressed by φℓ. For active radiopositioning,

it simply points in the angle-of-arrival (AoA) of the LOS

component, the direction of vector (p− aℓ). See [1], [2], [4]

for the definition of Dr(φℓ) in other scenarios. The derivation

of (14) assumes that the nuisance parameters αℓ are estimated

independently, i.e. no phase coherence is required between

individual measurements.

We review from [1] the valuable insight gained from (14),

adopting the REB from Section III: In particular, each mea-

surement adds a positive term to the EFIM in direction of

the eigenvector of Dr(φℓ) and hence reduces the PEB in
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Fig. 2. Ranging error bound and simulated range estimation standard
deviations. Channel and signal parameters are as in Fig. 1; number of channel
realizations for simulation Nsim = 1000 .

this direction; the S̃INRℓ determines the magnitude of this

contribution (cf. ranging intensity information (RII) in [1]);

the effective bandwidth β scales the EFIM. Any increase

corresponds to a decreased PEB.

We can also use (14) to evaluate the impact of diversity.

Assume that multiple measurements are conducted with an ar-

ray of closely-spaced antennas. The ranging directions Dr(φℓ)
of those measurements are equal, therefore the diversity gain

corresponds to the sum of their S̃INR-values. Mathematically,

we group the measurements into N sets Nn having equivalent

ranging directions Dr(φn) and rewrite (14) as

IIIp =
8π2β2

c2

N
∑

n=1

[

∑

ℓ∈Nn

S̃INRℓ

]

Dr(φn). (15)

The Fisher information hence scales linearly with the number

of combined measurements (if all measurements have the same

S̃INR). And there is a second benefit resulting from diversity

combining: the detectability of the LOS in noise will be

enhanced too, just as the bit (detection) error rate is improved

by diversity combining in communications.

It is interesting to compare this result to a ranging system

with antenna-array beamforming. Assume that the beam is

ideally steered towards the AoA by coherently combining M
branch measurements. Such coherent processing increases the

LOS amplitude by the same factor M as the variances of the

DM and of the AWGN. The SINR is hence increased M -fold,

while the INR is unchanged, implying that the effective S̃INR
sees exactly the same M -fold increase as in (15). This result

is rather surprising since (15) is based on independent range

measurements in contrast to the coherent processing. The ad-

vantage of the beamforming approach lies in the possibility to

also resolve AoA information, cf. [10]. Furthermore, a uniform

angle power spectrum is assumed for the DM to get this M -

fold scaling of the interference power. Other angle spectra will

change the SINR-gain obtained with beamforming.

V. PERFORMANCE RESULTS

The REB is illustrated in Fig. 2 and compared to the

standard deviation (STDV) of the estimation error for two

estimators. Circles mark the performance of a “naı̈ve” matched



filter (MF) estimator that simply convolves the received signal

by the transmit pulse and searches for the highest peak. At

BWs less than 500 MHz, the performance of this estimator

clearly deviates from the theoretical bound. This is due to a

positive bias and estimation outliers induced by the DM.

Here, proper consideration of the pulse distortion can be

highly beneficial, as seen from the simulation result for a

maximum-likelihood (ML) estimator (marked by ‘+’) which

performs a whitening operation prior to the estimation of

the ToA (considering DM plus AWGN as noise processes).

In the single-input, single-output (SISO) case, this estimator

achieves the REB down to a BW in the order of 50MHz

(at the simulated channel and signal parameters, which are

considered to reflect a realistic indoor environment, cf. [4],

[9]). The potential performance gain reaches a factor of ten in

this region and an STDV in the order of 30 cm.

At even lower BW, the ML estimator fails and the MF

estimator suddenly becomes more robust. Failure of the ML

estimator is due to the high risk of outliers: The SINR-value

quantifies the SNR after the whitening operation and hence

determines the detectability of the LOS signal in the resulting

noise floor. The ML estimator fails because the SINR drops

well below 10 dB for a BW less equal 20 MHz (cf. Fig. 1).

Here the MF estimator can increasingly make use of DM in the

sense that it exploits the signal power contained in the diffuse

part in addition to the signal power in the LOS component.

In the limiting case, flat fading and AWGN are the remaining

impairments, hence the ranging performance will be bounded

by the instantaneous SNR and the BW β2 as in (7). However,

the performance is at a very poor level due to the low BW.

Fig. 2 also shows the improvement obtained from antenna

diversity. The REB as well as the STDV of the MF and ML

estimators are shown for a 16-branch case, corresponding e.g.

to a 4 × 4 antenna configuration. The figure illustrates the

expected factor-of-four improvement of the STDV and also the

reduced outlier probability. The ML estimator achieves now

an STDV better than 10 cm at 50 MHz and it still operates at

the bound at 10 MHz with an error STDV of about 0.5 m.

VI. CONCLUSIONS

The ranging and position error bounds have been analyzed

for LOS signals in dense multipath (DM), evaluating the im-

pact of signal bandwidth and diversity. DM is an interference

to the LOS signal, which causes amplitude fading and signal

distortions. Both effects have been quantified using a Gaussian

model for the DM. Diversity combining can compensate

a performance loss at reduced bandwidth and enhance the

detectability of the LOS in presence of DM. The Fisher

information scales faster than quadratically with bandwidth but

only linearly in the number of independent measurements.

APPENDIX

This appendix derives the equivalent Fisher information

(EFI) (6) for the delay parameter τ . The Fisher information

matrix (FIM) for parameter vector ψ is [12]

IIIψ = Er|ψ

{

[

∂

∂ψ
ln f(r|ψ)

] [

∂

∂ψ
ln f(r|ψ)

]T
}

(16)

leading, for the Gaussian likelihood (3), to (cf. [12, Sec. 15.7])

[IIIψ]1,1 = 2|α|2ṡHτ C
−1
n ṡτ + tr

[

C−1
n

∂Cn

∂τ
C−1

n

∂Cn

∂τ

]

(17)

[IIIψ]1,2 = [IIIψ]2,1 = 2ℜ{α}sHτ C
−1
n ṡτ (18)

[IIIψ]1,3 = [IIIψ]3,1 = 2ℑ{α}sHτ C
−1
n ṡτ (19)

[IIIψ]2,2 = [IIIψ]3,3 = 2sHτ C
−1
n sτ (20)

[IIIψ]2,3 = [IIIψ]3,2 = 0 (21)

where ṡτ = ∂sτ/∂τ is the derivative of the pulse s(t− τ).
The covariance matrix of DM is Cc = S̄HSν S̄, where

S̄ = [s0, · · · , sN−1]
T ∈ RN×N is a signal matrix with si =

[s((−i)Ts), . . . , s((N−1−i)Ts)]
T and Sν is a diagonal matrix

containing the PDP, i.e. [Cc]n,m =
∑N−1

i=0 TsSν(iTs)s((n −
i)Ts)s((m − i)Ts). We decompose Cc = UΛUH where the

columns of U are an orthonormal basis for a Karhunen-Loève

expansion of the noise process. The entries of the diagonal

matrix Λ thus quantify the DM power in these coordinates.

This yields C−1
n = U(Λ+ σ2

nIN )−1UH.

The EFI for the delay τ corresponds to the Schur comple-

ment of the (1,1)-element (17) (cf. [1]). Using (4), we obtain

Iτ =2
|α|2

σ2
n

‖ṡτ‖
2
H

(

1−
|〈ṡτ , sτ 〉H|2

‖ṡτ‖2H‖sτ‖
2
H

)

+ tr [•] (22)

where tr [•] is a placeholder for the second part of (17).

The subtractive term illustrates the information loss due to

the estimation of α. It arises from the terms (18)–(21). We

introduce the factor sin2(ϕ) for this expression, where ϕ is

the angle between ṡτ and sτ in H, and obtain (6).
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