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ABSTRACT

Discriminative learning methods are known to work well in pattern classification tasks and often show
benefits compared to generative learning. This is particularly true in case of model mismatch, i.e. the
model cannot represent the true data distribution. In this paper, we derive discriminative maximum
margin learning for hidden Markov models (HMMs) with emission probabilities represented by Gaus-
sian mixture models (GMMs). The focus is on single-label sequence classification where the margin
objective is specified by the probabilistic gap between the true class and the most competing class.
In particular, we use the extended Baum-Welch (EBW) framework to optimize this probabilistic mar-
gin embedded in a hinge loss function. Approximations of the margin objective and the derivatives
are necessary. In the experiments, we compare maximum margin HMMs to generative maximum
likelihood and discriminative conditional log-likelihood (CLL) HMM training. We present results of
classifying trajectories of handwritten characters, Australian sign language data, digits of speech data
and UCR time-series data. Maximum margin HMMs outperform in many cases CLL-HMMs. Further-
more, maximum margin HMMs achieve a significantly better performance that generative maximum
likelihood HMMs.

c© 2015 Elsevier Ltd. All rights reserved.

1. Introduction1

The analysis of time-series or sequential data covers a wide2

field of applications, such as for instance speech analysis Ra-3

biner (1989); Pernkopf et al. (2014), financial mathematics Cao4

& Tay (2003) and weather forecasts Campbell & Diebold5

(2005). In a time-series the samples are dependent on previ-6

ous samples in the sequence. Modelling the dependency on all7

previous samples is computationally intractable, therefore usu-8

ally only the neighboring context is modeled. In the simplest9

case, only the most recent sample is considered leading to the10

first-order Markov model assumption. One of the simplest and11

most widely used models for time-series processing in the past12

decades is the HMM.13

There are two classical learning paradigms in the machine14

learning community: generative learning and discriminative15

learning Bahl et al. (1986); Bishop (2006); Jebara (2001). Gen-16

erative learning aims to recover the data distribution from a fi-17
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nite set of samples. This is achieved by optimizing the data-18

likelihood or the data-posterior-probability, in the case of a19

model-prior for regularization. Maximum likelihood estima-20

tion (MLE) is usually used to generatively learn the classifier.21

Generatively optimized models facilitate to generate samples22

by the model having the same statistical distribution as the23

training data. Discriminative learning methods such as con-24

ditional log-likelihood (CLL) Ng & Jordan (2002); Pernkopf25

& Bilmes (2010) or maximum margin learning Schölkopf &26

Smola (2001); Burges (1998); Pernkopf et al. (2012) more di-27

rectly represent aspects that are important for classification ac-28

curacy, i.e. a prediction function is optimized, predicting out-29

put variables (classes) from a set of input variables (features).30

As shown in Ng & Jordan (2002) generative learning of naive31

Bayes models reach faster their asymptotic generalization per-32

formance with respect to samples size compared to discrimi-33

native training. If the model does not match the true under-34

lying distribution, discriminatively learned models usually ob-35

tain better asymptotic performance for a sufficiently large set of36

training samples.37

Discriminative training of HMMs celebrated success over the38

years in speech processing and in this context the extended39
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Baum-Welch optimization algorithm Gopalakrishnan et al.40

(1991) has been introduced. In the seminal work of Bahl et al.41

(1986), discriminative HMM parameter learning based on the42

maximum mutual information (MMI) criterion has been pro-43

posed.1 The goal is to maximize the posterior probability of44

the transcriptions given the speech utterances. This results in45

significantly better recognition rates compared to conventional46

generative MLE learning. A decade later, the minimum clas-47

sification error (MCE) has been proposed Juang et al. (1997)48

where the aim is to minimize the sentence classification error,49

i.e. risk, on the training set. The main advantage of MCE is50

that in MMI training only the posterior distribution is optimized51

which does not necessarily result in an optimal classification52

performance. MCE optimizes the empirical risk and is therefore53

susceptible to overfitting. The expected risk on unseen test data54

also depends on the generalization ability of the model. From55

the SVM literature Schölkopf & Smola (2001); Burges (1998)56

it is well-known that the optimization of the margin leads to57

good generalization properties cf. Vapnik-Chervonenkis (VC)58

dimension and PAC bounds Vapnik (1998). Hence, margin59

optimization has been proposed for HMMs in Taskar et al.60

(2004); Sha & Saul (2007b,a); Saon & Povey (2008); Heigold61

et al. (2008, 2010, 2012). Most of this work is in the area62

of speech processing, e.g. phoneme recognition, with focus63

on multi-label sequence classification, i.e. the observation se-64

quence is assigned to multiple labels, i.e. a label sequence. This65

usually leads to a margin objective Sha & Saul (2007b) com-66

posed of two terms:67

1. A probabilistic term measuring the gap between log-68

probabilities of the data of the target label sequence and69

the most competing sequence;70

2. A term measuring the Hamming distance between two la-71

bel sequences, the target label sequence and the competing72

label sequence.73

In this objective, the gap between the log-probabilities in the74

first term should be larger or equal to the Hamming distance of75

the second term. In Heigold et al. (2010, 2012), the margin76

term has been incorporated in a unified training criterion. Spe-77

cial cases of this criterion are MMI or MCE amongst others.78

In contrast, we perform single-label classification of se-79

quences, i.e. the observation sequence is assigned to a single80

class label. We derive discriminative maximum margin learning81

for HMMs with emission probabilities represented by GMMs82

for single-label sequence classification. Related to the mar-83

gin criterion for multi-label classification from above the dis-84

tance measure between the competing and the target/true label85

sequences is neglected. Here, we use the probabilistic defini-86

tion of the margin Guo et al. (2005); Pernkopf et al. (2012),87

i.e. the first term in the objective above. The log-probability88

of the sequence of the true class should lie at least some dis-89

tance away from the log-probabilities of the competing classes,90

i.e. the second term in the objective above is set to a constant.91

Our probabilistic margin is embedded in a hinge-loss function92

and optimized by the EBW algorithm. The EBW algorithm93

1The MMI criterion is closely related to the CLL objective.

uses the derivatives of the objective functions. Robust approx-94

imations to the derivatives are discussed. During optimization95

using the EBW algorithm the sum-to-one constraint of the prob-96

ability distributions of the HMM is maintained. Hence, the97

parameters of the HMM are still ’normalized’ probability dis-98

tributions. This has the advantage that summing over missing99

variables is still possible as we show for Bayesian network clas-100

sifiers in Pernkopf et al. (2012). This is in contrast to Kim &101

Pavlovic (2011) where also single-label classification is consid-102

ered. Furthermore, they approximate the objective to obtain a103

convex optimization problem solved in a similar way as in Sha104

& Saul (2007b).105

Generative pre-training is important in many discrimina-106

tively learned models Erhan et al. (2010); Bahl et al.107

(1986); Pernkopf et al. (2012). This can be seen108

as a form of regularization of the discriminative learn-109

ing objective. Therefore, we initialize discriminative110

HMM training with the MLE solution. Furthermore,111

we use early stopping during discriminative optimization.112

Hence, the discriminative parameters are partially reflecting113

the MLE solution. Experimental results for frequently used114

time-series data such as handwritten characters, Australian sign115

language, digits of speech data and UCR time-series are pro-116

vided. In all cases, maximum margin HMMs lead to com-117

petitive performance compared to CLL-HMMs and generative118

HMMs. Maximum margin HMMs mostly outperform the CLL-119

HMMs and the generatively optimized MLE-HMMs in terms of120

classification rate in all experiments.121

The paper is organized as follows: In Section 2, we122

shortly review the Bayesian classifier for sequential data123

and introduce the HMM and the notation. In Sec-124

tion 3, conventional parameter estimation techniques for125

HMMs such as MLE and CLL optimization are summarized.126

Maximum margin parameter estimation for HMMs is derived127

in Section 4 using the EBW algorithm. This section also in-128

cludes approximations of the derivatives necessary for the EBW129

method. In Section 5, we present experimental results. Sec-130

tion 6 concludes the paper.131

2. Bayesian Classifier for Sequential Data132

The task of classification is to assign a given observation se-
quence x = {x1, . . . , xT } to a class c ∈ {1, . . . ,C}, where C is the
number of classes, xt ∈ RD,D is the number of observations at
t and T is the length of the sequence. According to Bayes’ rule,
the class posterior p(c|x) is given by

p(c|x) =
p(x|c)p(c)

p(x)
=

p(x|c)p(c)
C∑

c′=1
p(x|c′)p(c′)

, (1)

where the likelihood term is assumed to be a parametric model
for class c, i.e. p(x|c) = p(x|Θc). In particular, we use an
HMM Θc for each class. The class label can be determined by
the maximum a-posteriori (MAP) estimate, i.e. the most likely
class label c∗ is determined using the class posteriors as

c∗ = arg max
1≤c≤C

p(c|x) = arg max
1≤c≤C

[p(x|Θc)ρc], (2)
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where the denominator of (1) can be neglected since it only133

scales p(c|x). The term ρc = p(c) is the class prior distribution.134

The probability p(x|Θc) can be efficiently determined by using135

either the forward or the backward procedure Rabiner (1989). If136

the most probable state sequence Q∗ = {q∗1, . . . , q
∗
T } producing x137

is known or estimated by the Viterbi algorithm, p(x|Θc) can also138

be approximated by p∗(x|Θ), i.e. the product of the prior, the ob-139

servation, and transition probabilities along the most probable140

path Q∗ of HMM Θc.141

An HMM can be fully described by two stochastic pro-
cesses. The first is a Markov-process that produces a sequence
of not directly observable states Q = {q1, . . . , qt, . . . , qT } where
qt ∈ {1, 2, . . . , S } and S is the number of states. The second pro-
cess produces an observation xt at every time step t of the state
sequence according to a state-dependent observation probabil-
ity distribution bi(xt) = p(xt |qt = i). In a first-order HMM, the
state of variable qt depends on the state of the previous variable
qt−1, i.e. the transition from state qt−1 = i to state qt = j occurs
with a certain probability denoted by ai, j = p(qt = j|qt−1 = i)

where
S∑

j=1
ai, j = 1,∀i ∈ {1, . . . , S }. The transition matrix A col-

lects all transition probabilities ai, j. The probability of being in
hidden state i at the beginning of a sequence t = 1 is modeled
by the state prior distribution πi = p(q1 = i). We use a mul-
tivariate GMM to model the observation probabilities, i.e. we
have a sum of M weighted Gaussians N(xt |µi,m,Σi,m),

bi(xt) = p(xt |qt = i) =

M∑
m=1

αi,mN(xt |µi,m,Σi,m), (3)

where αi,m are the weights of each Gaussian component, 0 ≤142

ai,m ≤ 1 and
M∑

m=1
αi,m = 1, and µi,m ∈ RD is the D-143

dimensional mean vector and Σi,m is the D × D covariance144

matrix. We assume a diagonal covariance throughout the pa-145

per. An HMM is fully specified by the state prior distribu-146

tion πi, the transition matrix A and the emission probability147

bi(xt). These parameters are collected for HMM of class c in148

Θc = {πc,i, ac,i, j, αc,i,m,µc,i,m,Σc,i,m}i, j∈{1,...,S },m∈{1,...M}.149

3. Conventional Parameter Estimation of HMMs150

Commonly, HMM parameters are determined iteratively us-151

ing MLE Rabiner (1989); Pernkopf et al. (2014). Discrimi-152

native parameter optimization using conditional log-likelihood153

learning, i.e. the class posterior of the model is maximized, has154

been introduced in Bahl et al. (1986) as MMI training. Both155

objectives for parameter estimation are introduced in the fol-156

lowing.157

Formally, MLE parameters for the model of class c are learned
as

ΘMLE
c = arg max

Θc

p(Xc|Θc) =

Nc∏
n=1

p(xn|Θc), (4)

where Xc = {x1, x2, . . . , xNc } is a set of Nc training sequences158

belonging to class c. MLE of the HMM parameters leads to an159

iterative scheme such as the expectation-maximization (EM) al-160

gorithm also known as Baum-Welch algorithm for HMMs Ra-161

biner (1989).162

In contrast to generative methods, discriminative training of
an HMM Θc of class c involves all training samples X =

{X1,X2 . . . ,XC}, where N =
∑C

c=1 Nc. The conditional log-
likelihood (CLL) is given as

CLL(X|Θ) = log
N∏

n=1

p(cn|xn) = log
N∏

n=1

p(xn|Θcn )ρcn

C∑
c′=1

p(xn|Θc′ )ρc′

(5)

and the parameters are determined according to

ΘCLL
c = arg max

Θc

CLL(X|Θ), (6)

where Θ = {Θ1, ρ1, . . . ,ΘC , ρC} and cn denotes the class of se-163

quence xn. Maximizing the CLL criterion is closely related to164

MMI estimation Bahl et al. (1986); Normandin & Morgera165

(1991); Normandin et al. (1994); Woodland & Povey (2002).166

The CLL can be maximized by gradient-based optimization167

methods, e.g. the EBW algorithm.168

4. Maximum Margin Parameter Estimation169

The multi-class margin Guo et al. (2005); Pernkopf et al.170

(2012) of sample n is171

d̃n
Θ = min

c,cn

p (cn|xn,Θ)
p (c|xn,Θ)

= min
c,cn

p (cn, xn|Θ)
p (c, xn|Θ)

=
p(xn|Θcn )ρcn

maxc,cn p(xn|Θc)ρc
. (7)

If d̃n
Θ
> 1, then sample n is correctly classified and vice versa.

We replace the max operator by the differentiable approxima-
tion maxx f (x) ≈

[∑
x ( f (x))η

] 1
η , where η ≥ 1 and f (x) is non-

negative. In the limit of η → ∞ the approximation converges
to the maximum operator. Replacing the maximum with its ap-
proximation, we obtain

dn
Θ =

p(xn|Θcn )ρcn[∑
c,cn (p(xn|Θc)ρc)η

] 1
η

. (8)

Usually, the maximum margin approach maximizes the margin
of the sample with the smallest margin, i.e. minn=1,...,N dn

Θ
for

a separable classification problem Schölkopf & Smola (2001).
We aim to relax this by introducing a soft margin, i.e. we focus
on samples with a dn

Θ
close to one. Therefore, we consider the

hinge loss function according to

J̃ (X|Θ) =

N∏
n=1

min
[
κ, dn
Θ

]
, (9)

where parameter κ > 1 controls the influence of the margin dn
Θ

in the hinge loss J̃ (X|Θ) and is set by cross-validation. Maxi-
mizing this function with respect to the parametersΘ implicitly
means to increase the margin dn

Θ
whereas the emphasis is on
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samples with a margin dn
Θ
< κ, i.e. samples with a large pos-

itive margin have no impact on the optimization. Maximizing
J̃ (X|Θ) via EBW or gradient descent is not straight forward due
to the discontinuity in the derivative at dn

Θ
= κ. Therefore, we

propose to use for the hinge function h(y) = min
[
κ, y

]
a smooth

hinge function which enables a smooth transition of the deriva-
tive and has a similar shape as h(y). We propose the following
function inspired by the Huber loss Huber (1964). In particular,
we approximate the discontinuity by a circle segment as

h(y) =


y + 1

2 , if y ≤ κ − 1
κ − 1

2 (y − κ)2, if κ − 1 < y < κ
κ, if y ≥ κ

(10)

which requires to divide the dataX into three partitions depend-172

ing on y = dn
Θ

, i.e. X1 contains samples where dn
Θ
≤ κ − 1, X2

173

consists of samples with a margin in the range κ − 1 < dn
Θ
< κ,174

and X3 = X \
{
X1 ∪ X2

}
. The smooth hinge function is illus-175

trated in Pernkopf et al. (2012).176

Basically, there are other smoothing techniques available177

for non-smooth convex objectives, e.g. Nesterov (2005). In178

our case, smoothing of the objective function makes it179

amenable for gradient-based optimization methods while still180

approximating the original objective well. Experiments using a181

similar parametrized smooth hinge function show only a slight182

influence on performance for maximum margin Bayesian net-183

work classifiers Pernkopf et al. (2012). Furthermore, a similar184

approximation of the maximum margin objective outperforms185

a convex formulation (which requires relaxation of constraints)186

with respect to computational requirements, while the classifi-187

cation performance is almost identical.188

Using the smooth hinge function in (10), our objective func-
tion for margin maximization is

J (X|Θ) =

N∏
n=1

h(dn
Θ) (11)

=

∏
n∈X1

(
dn
Θ +

1
2

)
∏

n∈X2

[
κ −

1
2

(
dn
Θ − κ

)2
] κ|X3 |.

4.1. Optimization of the Margin Objective189

The EBW algorithm (more details are given in Appendix A)
is an iterative procedure which can be used to optimize ratio-
nal functions Gopalakrishnan et al. (1991). We use the EBW
framework to optimize the margin objective in (11) for the dis-
crete model parameters ρc, πc,i, ac,i, j, αc,i,m. The parameter re-
estimation equation of the form

θ
j
i ←

θ
j
i

(
∂ log J(X|Θ)

∂θ
j
i

+ D
)

∑
l
θ

j
l

(
∂ log J(X|Θ)

∂θ
j
l

+ D
) , (12)

is used, where θ j
i ≥ 0,

∑
i θ

j
i = 1, and j indicates a particular

discrete variable. EBW requires the partial derivative ∂ log J(X|Θ)
∂Θ

and D. Both terms are provided in the sequel. Specifically, the
derivative ∂ log J(X|Θ)

∂Θ
for the re-estimation equation (12) of the

EBW algorithm is

∂ log J (X|Θ)
∂Θ

=

N∑
n=1

sn ∂ log dn
Θ

∂Θ
(13)

where sn denotes a sample dependent weight given as follows:

sn =


dn
Θ

dn
Θ

+ 1
2
, if n ∈ X1

κdn
Θ
−(dn

Θ)2

κ− 1
2 (dn
Θ
−κ)2 , if n ∈ X2

0, if n ∈ X3

. (14)

Approximating p(x|Θc) with the probability of the most
probable state sequence of the Viterbi algorithm, i.e.

p(x|Θc) ≈ p∗(x|Θc) = πc,q∗1 bc,q∗1 (x1)
T∏

t=2

ac,q∗t−1,q
∗
t
bc,q∗t (xt), (15)

the log of the margin dn
Θ

of sample xn in Eq. (8) decomposes to

logdn
Θ = log(p(xn |Θcn )ρcn ) −

1
η

log
∑

c′,cn

(p(c′, xn |Θc′ )ρc′ )η

=logπcn ,i∗,ncn ,1
+

T n∑
t=1

logbc,i∗,ncn ,t
(xn

t )+
T n∑
t=2

logac,i∗,ncn ,t−1 ,i
∗,n
cn ,t

+logρcn

−
1
η

log
[ C∑
c′,cn

(
πc′ ,i∗,n

c′ ,1

T n∏
t=1

bc′ ,i∗,n
c′ ,t

(xn
t )

T n∏
t=2

ac′ ,i∗,n
c′ ,t−1

,i∗,n
c′ ,t
ρc′

)η]
, (16)

where i∗,ncn,t is the most probable state of the HMM of class cn
190

for a sequence xn at time t.191

The derivative for ρc of ∂ log dn
Θ

∂Θ
in (13) is

∂ log dn
Θ

∂ρc
=

11{c=cn}

ρc
−

11{c,cn}(p(xn |Θc)ρc)η−1 p(xn |Θc)∑
c′,cn

(p(xn |Θc′ )ρc′ )η
ρc

ρc

=
1
ρc

[
11{c=cn} − 11{c,cn}

(p(xn |Θc)ρc)η∑
c′,cn

(p(xn |Θc′ )ρc′ )η

]

=
1
ρc

[
zn

c − žn
c · r

n,η
c

]
, (17)

where

rn,η
c =

(p(xn|Θc)ρc)η∑
c′,cn

(p(xn|Θc′ )ρc′ )η
, (18)

zn
c = 11{c=cn} and (19)

žn
c = 11{c,cn}. (20)

Symbol 11{i= j} denotes the indicator function (i.e. equals 1 if the192

Boolean expression i = j is true and 0 otherwise).193

Furthermore, the partial derivatives of log dn
Θ

with respect to
πi, ac,i, j and αc,i,m are given as follows:

∂ log dn
Θ

∂πc,i
=

1
πc,i

[
un

c,i,1 − ǔn
c,i,1 · r

n,η
c

]
(21)

∂ log dn
Θ

∂ac,i, j
=

1
ac,i, j

[
yn

c,i, j − y̌n
c,i, j · r

n,η
c

]
(22)

∂ log dn
Θ

∂αc,i,m
=

1
αc,i,m

T n∑
t=1

[
γn

c,i,m,t

(
un

c,i,t − ǔn
c,i,t · r

n,η
c

)]
, (23)
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where

un
c,i,t = 11{c=cn,i=i∗,nc,t }

(24)

ǔn
c,i,t = 11{c,cn,i=i∗,nc,t }

(25)

yn
c,i, j =

T n∑
t=2

11{c=cn,i=i∗,nc,t−1, j=i∗,nc,t }
(26)

y̌n
c,i, j =

T n∑
t=2

11{c,cn,i=i∗,nc,t−1, j=i∗,nc,t }
(27)

and

γn
c,i,m,t =

αc,i,m · N(xn
t |µc,i,m,Σc,i,m)

M∑
m′=1

αc,i,m′ · N(xn
t |µc,i,m′ ,Σc,i,m′ )

. (28)

4.2. Approximation of the Gradient194

The derivatives (17), (21), (22) and (23) are sensitive to small
parameter values. Merialdo Merialdo (1988) observed that low-
valued parameters ρc, πc,i, ac,i,m and αc,i,m may cause a large
magnitude of the gradient and the optimization concentrates on
those parameters. However, small parameter values indicate
that they are rarely used during the production of an observation
sequence. Hence, there is not sufficiently training data available
for reliably estimating very low probabilities and concentrating
on low-valued parameters is unreliable. Therefore, he suggests
to focus on modifying better estimated high-valued parameters
during optimization by using an approximation of the gradients.
In particular, for gradients of the form ∂ log dn

Θ

∂θ
j
i

= 1
θ

j
i
(ci, j − c′i, j), as

in our case, he suggests to concentrate on high-valued parame-
ters by replacing the gradient by

∂ log dn
Θ

∂θ
j
i

≈
ci, j∑
j ci, j
−

c′i, j∑
j c′i, j

. (29)

This approximation of the gradients has been used for CLL
learning in Normandin & Morgera (1991); Normandin et al.
(1994). Unfortunately, approximating the gradient by (29)

cannot be applied to the derivatives of the margin, because
the approximated gradient disappears for any HMM parameter.
Therefore, we suggest an alternative approximation in order to
obtain reliable parameter updates. Since the unreliability of the
updates is caused by small parameter values due to high values
of the gradients Merialdo (1988), normalizing the gradient by a
sum-to-one constraint of the absolute gradient values keeps the
updates reliable. For gradients of the form ∂ log dn

Θ

∂θ
j
i

= 1
θ

j
i
(ci, j−c′i, j),

we propose to approximate the gradient by

∂ log dn
Θ

∂θ
j
i

≈

1
θ

j
i
(ci, j − c′i, j)

S∑
i′=1

∣∣∣∣∣ 1
θ

j
i′

(ci′, j − c′i′, j)
∣∣∣∣∣ . (30)

The resulting approximations of the derivatives in (17), (21),195

(22) and (23) are provided in the algorithm for maximum mar-196

gin (MM) training of HMMs in Appendix B. As an alternative,197

Woodland and Povey Woodland & Povey (2002) proposed an198

alternative mixture weight update rule using an iterative proce-199

dure.200

4.3. Approximation for the Gaussians201

EBW has been formulated for discrete probability distribu-202

tions. Normandin and Morgera Normandin & Morgera (1991)203

introduced a discrete approximation of the Gaussian distribu-204

tion assuming diagonal covariance matrices. This leads to the205

re-estimation equation for µc,i,m and Σc,i,m given as206

µ̄c,i,m ←

N∑
n=1

sn Tn∑
t=1

[
γn

c,i,m,t
(
un
c,i,t − ǔn

c,i,t · r
n,η
c

)
xn
t

]
+ Dµc,i,m

N∑
n=1

sn
Tn∑
t=1

[
γn

c,i,m,t
(
un
c,i,t − ǔn

c,i,t · r
n,η
c

)]
+ D

(31)

and

Σ̄c,i,m ← (32)

gc,i,m + D
(
Σc,i,m + (µc,i,m)2)

N∑
n=1

sn
T n∑
t=1

[
γn

c,i,m,t
(
un

c,i,t − ǔn
c,i,t · r

n,η
c

)]
+ D

− (µ̄c,i,m)2,

where gc,i,m =
N∑

n=1
sn

T n∑
t=1

[
γn

c,i,m,t
(
un

c,i,t − ǔn
c,i,t · r

n,η
c

)
(xn

t )2
]

and the207

squares of xn
t and µc,i,m are taken element-wise.208

4.4. Implementation of the MM-HMM EBW Algorithm209

The EBW algorithm converges to a local optimum of J (X|Θ)210

providing a sufficiently large value for D. Setting the constant211

D is not trivial. If it is chosen too large then training is slow212

and if it is too small the update may fail to increase the objec-213

tive function. In practical implementations heuristics have been214

suggested Woodland & Povey (2002); Klautau et al. (2003);215

Pernkopf & Wohlmayr (2010). In order to obtain positive co-216

variances, the inequality217

gc,i,m,d + D(σc,i,m,d + µ2
c,i,m,d )

hc,i,m + D
−

( kc,i,m,d + Dµc,i,m,d
hc,i,m + D

)2
> 0 (33)

must hold for any covariance σc,i,m,d of dimension d ∈ D,
where

hc,i,m =

N∑
n=1

sn
T n∑
t=1

[
γn

c,i,m,t
(
un

c,i,t − ǔn
c,i,t · r

n,η
c

)]
(34)

and

kc,i,m =

N∑
n=1

sn
T n∑
t=1

[
γn

c,i,m,t
(
un

c,i,t − ǔn
c,i,t · r

n,η
c

)
xn

t

]
. (35)

Rearranging (33) leads to a quadratic inequality with respect to
D Valtchev et al. (1997):

σc,i,m,d︸︷︷︸
a

D2

+ (σc,i,m,dh + µ2
c,i,m,d + gc,i,m,d − 2kc,i,m,dµc,i,m,d)︸                                                  ︷︷                                                  ︸

b

D

+ gc,i,m,dh − k2
c,i,m,d︸             ︷︷             ︸

c

> 0 (36)

We propose to set

D = F ·max{D1,D2,D3}, (37)
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Table 1. Classification rates of MLE-HMMs, CLL-HMMs, and MM-HMMs in [%] on data of the Pendigits characters.
MLE-HMM CLL-HMM MM-HMM

S M M M
2 3 4 2 3 4 2 3 4

2 90.3 ± 0.98 94.3 ± 0.77 93.0 ± 0.84 96.4 ± 0.62 96.9 ± 0.57 97.7 ± 0.50 97.0 ± 0.57 97.4 ± 0.53 97.9 ± 0.47
3 92.5 ± 0.87 92.5 ± 0.87 93.9 ± 0.80 97.1 ± 0.56 96.7 ± 0.59 97.4 ± 0.52 97.8 ± 0.49 97.9 ± 0.48 98.4 ± 0.42
4 92.5 ± 0.87 93.9 ± 0.79 95.6 ± 0.68 97.5 ± 0.52 96.8 ± 0.58 98.2 ± 0.44 97.4 ± 0.53 97.9 ± 0.47 98.6 ± 0.39
5 93.7 ± 0.80 94.9 ± 0.73 94.2 ± 0.77 96.4 ± 0.62 97.1 ± 0.56 97.31 ± 0.53 98.2 ± 0.44 98.3 ± 0.43 98.8 ± 0.36
6 94.7 ± 0.74 94.3 ± 0.77 95.7 ± 0.67 97.9 ± 0.48 97.6 ± 0.50 98.1 ± 0.46 98.3 ± 0.43 97.9 ± 0.47 98.5 ± 0.40

Table 2. Classification rates of MLE-HMMs, CLL-HMMs, and MM-HMMs in [%] on data of the Auslan database.
MLE-HMM CLL-HMM MM-HMM

S M M M
2 3 4 2 3 4 2 3 4

2 68.1 ± 7.72 72.9 ± 7.37 73.6 ± 7.30 68.3 ± 7.71 87.1 ± 5.54 80.0 ± 6.63 81.2 ± 6.47 85.5 ± 5.84 84.1 ± 6.07
3 71.2 ± 7.50 75.0 ± 7.17 77.9 ± 6.88 86.7 ± 5.63 86.4 ± 5.67 80.2 ± 6.60 84.8 ± 5.95 86.0 ± 5.76 87.9 ± 5.41
4 73.3 ± 7.33 77.4 ± 6.93 81.2 ± 6.47 86.2 ± 5.71 78.6 ± 6.80 80.7 ± 6.54 86.7 ± 5.63 78.8 ± 6.77 87.4 ± 5.50
5 76.2 ± 7.06 78.1 ± 6.85 80.5 ± 6.57 79.0 ± 6.74 79.5 ± 6.68 80.7 ± 6.54 80.5 ± 6.57 82.6 ± 6.28 80.7 ± 6.54

where

D1,2 =
−(b) ±

√
b2 − 4ac

2a
and (38)

D3 = 1 +

∣∣∣∣∣∣∣min
i, j

∂ log J(X|Θ)

∂θ
j
i

∣∣∣∣∣∣∣ . (39)

D3 guarantees a positive parameter after the update in (12) and218

F > 1 regulates the convergence speed of the algorithm.219

The parameters Θ for discriminative learning are initialized220

to the MLE of the HMM determined by the EM algorithm (see221

Section 3). Generative model pre-training can be seen as a form222

of regularization Erhan et al. (2010). The class prior is set to223

the normalized class frequency in X, i.e. ρc = Nc
N . A detailed224

algorithm of maximum margin (MM) training for HMM is pro-225

vided in Appendix B.226

5. Experiments227

The maximum margin HMM is compared to the MLE and228

CLL optimized HMM. We provide results for spoken digit229

classification using the TIMIT corpus, handwritten charac-230

ter data Australian sign language data, and UCR time-series231

data. We use the acronym MLE-HMM for generatively learned232

HMMs and CLL-HMM and MM-HMM for discriminative CLL233

and maximum margin HMM parameter estimation, respec-234

tively. For comparison, we used a 1-nearest neighbor classifier235

with a similarity measure obtained by dynamic time warping236

(DTW) Hiroaki & Chiba (1978); Berndt & Clifford (1994).237

5.1. Experimental Setup238

The HMM parameters trained by MLE have been used as239

initialization for the discriminative methods, i.e. CLL and MM240

parameter learning. We perform classification using HMMs241

with varying numbers of mixture components and states. We242

use up to S = 6 states and M ∈ {2, 3, 4} mixture components.243

A large value of S and M leads to an HMM with many pa-244

rameters. For a reliable estimation of many parameters a suffi-245

ciently large data set has to be provided. Discriminative training246

methods were unstable for too low values of the convergence-247

regulating constant F. The minimum value of F for conver-248

gence has been determined empirically for each data set. For249

MM-HMM, the margin scaling parameter κ ∈ {0.001, . . . , 1}2250

is set by 3-fold cross-validation on the training set. Further-251

more, the parameter η for the approximation of the maximum252

in Eq. (8) has limited influence on the performance, i.e. it is253

set to 2. The objective function does not necessarily increase254

at each iteration. Reasons are the approximation of the deriva-255

tives and a bad choice of D. We used early stopping for training256

the CLL-HMM and MM-HMM models, i.e. the best number257

of training iterations is determined on the training set. Nu-258

merical underflow might occur during the estimation of very259

small HMM parameters, leading to unreliable training results.260

To overcome this, we set the parameter values to a minimum261

value. In particular, the values of the covariance matrix and262

the transition probabilities are set to 0.0001 and 0.001 dur-263

ing optimization, respectively. For DTW, the warping win-264

dow parameter w ∈ {1, . . . , 10} specifies the size of the local265

neighborhood in DTW, i.e. consider comparing two sequences266

x = {x1, . . . , xi . . . , xTx } and y = {y1, . . . , y j . . . , yTy }, the dis-267

tance between xi and y j is calculated only for indexes i and j268

such that |i − j| ≤ w Hiroaki & Chiba (1978); Berndt & Clif-269

ford (1994). w is selected by cross-validation and the `2-norm270

is used as distance measure.271

5.2. Handwritten Digit Classification on the Pendigits272

Database273

The Pendigits database contains trajectories of handwritten274

digits from 0 to 9 from 44 different writers. Some examples275

2The selected κ values for the experiments in the following sections us-
ing Auslan, Pendigits, TIMIT, ECG200, OSULeaf, and SwedishLeaf are 0.26,
0.0215, 0.0023, 0.209, 0.209, and 0.209, respectively.
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Fig. 1. Digits from the Pendigits database.

for digit ’0’, ’3’, and ’6’ are shown in Figure 1. The data is276

divided into a training set of 7494 samples from 30 writers and277

a test set of 3498 samples from 14 writers, respectively. The278

sample sequences have a uniform length of 8 time steps. The279

feature vectors consist of two elements: the absolute pen po-280

sition in x- and y-direction. Values have been normalized to a281

range between 0 and 100. We rescaled the values to a range282

between -1 and 1 and added the first derivatives in x- and y-283

direction. The derivatives were obtained by numerical differen-284

tiation of the coordinates. The classification performances for285

MLE-HMM, CLL-HMM and MM-HMM of the Pendigits data286

are shown in Table 1. Best results for each number of states287

S ∈ {2, 3, . . . , 6} are bold.288

In this task discriminative MM training clearly outperforms289

generative MLE-HMMs. MM-HMMs perform mostly slightly290

better than CLL-HMMs.291

5.3. Australian Sign Language Classification292

The Australian Sign Language (Auslan) data set consists of293

6647 samples of 95 different signs from 5 writers. The feature294

vectors contain 15 values, including the position in x-, y- and295

z- direction, finger bend and more. We ignored the attributes 5,296

6 and 11-14 as advised in the description of the data set. For297

the experiments, we selected 10 signs that were used in Kim &298

Pavlovic (2011) and applied a median filter to the data. Further-299

more, we compressed the sequences to a fixed length of 10 time300

steps by taking the means of equally-sized partitions of each301

sequence. We split the data randomly into 80% of the sam-302

ples for training and 20% for testing, respectively. The split-303

ting was repeated three times and the average is reported. The304

classification performances for MLE-HMM, CLL-HMM and305

MM-HMM of the Auslan data are shown in Table 2. Each re-306

sult is the mean of three runs with randomly selected partitions307

for training an testing. Best results for each number of states308

S ∈ {2, 3, . . . , 5 rbrace are bold. Discriminative MM training309

outperforms generative MLE-HMMs. Again, MM-HMMs per-310

form mostly slightly better than CLL-HMMs.311

5.4. Sequence Classification on the UCR Database312

In this experiment, we evaluated HMM classification on313

three data sets, namely ECG200, OSULeaf, and Swedish-314

Leaf, of the UCR database. The data sets vary in their num-315

ber of classes, size of training and test set and sequence316

length. All provided data sets have one single attribute. Fur-317

ther information about specific data sets can be found at318

http://www.cs.ucr.edu/∼eamonn/ time series data/. For the ex-319

periments, we selected three data sets with a sufficiently large320
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Fig. 2. Convergence of CLL-HMM and MM-HMM on the SwedishLeaf
dataset of the UCR database.

number of training and test samples. We appended the first321

derivatives of the sequences to the feature vectors. Furthermore,322

we compressed the time series to approximately 1/10 of their323

original length. Only results for the optimal number of states324

and components are reported.325

Table 3. Classification rates of MLE-HMMs, CLL-HMMs and MM-
HMMs in [%] on data of the UCR database.

Dataset MLE-HMM CLL-HMM MM-HMM
ECG200 84.0 ± 7.19 86.0 ± 6.80 89.0 ± 6.13
OSULeaf 62.4 ± 6.10 63.2 ± 6.08 65.7 ± 5.98

SwedishLeaf 58.2 ± 3.87 74.9 ± 3.40 77.1 ± 3.29

The classification performances for MLE-HMM, CLL-HMM,326

MM-HMM and DTW of the UCR data are shown in Table 3.327

Best results for each dataset are bold. MM-HMMs outperform328

MLE-HMMs and CLL-HMMs. Fig. 2 shows the convergence329

of the objective function of CLL-HMMs and MM-HMMs for330

different values of F on the SwedishLeaf dataset of the UCR331

database.332

5.5. Spoken Digit Classificaton333

A set of spoken numbers from ’one’ to ’ten’ has been ex-334

tracted from the TIMIT corpus Lamel et al. (1986). The ut-335

terances are recorded at a sampling rate of 16 kHz. For each336

digit a sequence of observation vectors xt consisting of 13 mel-337

frequency cepstral coefficients (MFCCs) and their first and sec-338

ond derivatives Jurafsky & Martin (2009) are determined at a339

frame rate of 10ms and a window length of 25 ms. Thus, each340

observation xt consists of 39 features. Additionally, principal341

component analysis (PCA) was applied to whiten the data. In342

total, 165 training and 64 test sequences of spoken digits are343

available. The classification rates are shown in Tables 4 for344

MLE, CLL and MM training of the HMM using M = 2 Gaus-345

sian components. Best results for each number of states S are346

bold.347

In this task, MM training achieves the highest classifica-348

tion rate, i.e. generative MLE-HMMs are outperformed in each349

case while CLL-HMMs provides the same classification per-350

formance for S = 5 and S = 2. The classification performance351

of MLE, CLL and MM decreases with an increasing number352

of HMM states. Due to the little amount of training samples,353

these methods are presumably suffering from overfitting, i.e.354

the number of parameters is too large to be reliably estimated.355
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Table 4. Classification rates of MLE-HMMs, CLL-HMMs, and MM-
HMMs in [%] on spoken digit classification.

S M = 2
MLE-HMM CLL-HMM MM-HMM

2 90.6 ± 7.14 95.3 ± 5.18 95.3 ± 5.18
3 93.8 ± 5.93 90.6 ± 7.14 96.9 ± 4.26
4 82.8 ± 9.24 93.8 ± 5.93 98.4 ± 3.04
5 79.7 ± 9.86 95.3 ± 5.18 95.3 ± 5.18
6 82.8 ± 9.24 90.6 ± 7.14 96.9 ± 4.26

Table 5. Classification rates of DTW in [%].
Data Warping window size w Classification rate

Pendigits 0 97.6 ± 0.51
Auslan 1 88.8 ± 5.22
TIMIT 3 79.7 ± 9.86

ECG200 5 87.0 ± 6.59
OSULeaf 6 57.9 ± 6.22

SwedishLeaf 8 89.0 ± 2.46

5.6. Comparison to DTW and other Methods356

Table 5 shows classification performance of DTW on the data357

sets stated above. For most data sets, these classifiers are out-358

performed by MM-HMM classification. For comparison rea-359

sons, state-of-the-art results from the literature on the data sets360

and the corresponding classification methods are summarized361

in Table 6. The methods are:362

• Decision Templates Ebrahimpour & Hamedi (2009): De-363

cision templates are extracted from multiple classifiers and364

an aggregation rule is applied. The decision profile DP(x)365

for a sample x is a L×C matrix containing the output of L366

classifiers, e. g. multilayer perceptrons, for C classes. The367

decision Template DTc for a class c ∈ 1, . . . ,C is the aver-368

age over all DPs of training samples labeled with c. A new369

sample z is classified by selecting the class with the best370

similarity between DP(z) and DTc.371

• Large margin-HMM (LM-HMM) Kim & Pavlovic (2011):372

They approximate the large margin objective to obtain a373

convex optimization problem solved in a similar way as374

in Sha & Saul (2007b).375

• Hub-based Selection Buza et al. (2011): A 1-nearest376

neighbor DTW classification technique is used on top of377

an instance selection technique keeping only the most in-378

formative samples. Samples are selected by using the379

property of hubness Radovanović et al. (2009).380

• Triangle side length and angle representation381

(TSLA) Mouine et al. (2013): This approach has382

been tailored to leaf classification, i.e. it is a multiscale383

triangle area, side length and angle representation of the384

leaf. Essentially, this means that other features are used.385

Classification is based on a locality sensitive hashing386

method.387

In all cases except SwedishLeaf our MM-HMM is providing388

the best recognition rates. For the SwedishLeaf classification389

problem MM-HMMs do not deliver good results. One reason390

is that the benchmark method in Buza et al. (2011) rely on391

more appropriate features.392

Table 6. Classification rates in [%] for other state-of-the-methods from lit-
erature.

Data Reference Method Classification rate
Pendigits Decision Templates 97.6

Ebrahimpour & Hamedi (2009)
Auslan LM-HMM 71.2

Kim & Pavlovic (2011)
ECG200 Hub-based Selection 83.5

Buza et al. (2011)
OSULeaf LM-HMM 61.7

Kim & Pavlovic (2011)
SwedishLeaf TSLA 96.5

Mouine et al. (2013)

6. Conclusion393

A discriminative maximum margin learning method is de-394

rived for hidden Markov models and compared to conditional395

log-likelihood and maximum likelihood parameter estimation.396

We formulate the margin of a sample sequence as the ratio397

of the class posterior of the true class and the most compet-398

ing class. This sample margin is embedded in a hinge loss399

function. The derivatives of a smooth approximation of this400

objective function are used in the extended Baum-Welch algo-401

rithm to discriminatively optimize the HMM parameters. In402

the experiments, we provide results for the tasks of classify-403

ing handwritten characters, Australian sign language data, dig-404

its of speech data and UCR time-series data. Discriminatively405

trained HMMs outperform the generative maximum likelihood406

approach. Maximum margin training outperforms conditional407

likelihood training in almost all cases. generative learning.408

Appendix A: EBW Algorithm409

In its original form Baum & Eagon (1967), the Baum-Eagon
inequality has been formulated for domains of discrete prob-
abilities. Consider a domain E of discrete probability values
Φ = {ϕ

j
i }, with ϕ j

i ≥ 0,
∑

i ϕ
j
i = 1, and j = 1, ..., J. Given a

homogeneous polynomial Q(Φ) with nonnegative coefficients
over the domain E, the Baum-Eagon inequality offers an iter-
ative method to find local maxima in Q. It provides a trans-
formation, T : E → E, such that Q (T (Φ)) > Q (Φ)), un-
less T (Φ) = Φ. This transformation, called growth transform,
maps from Φ̂ ∈ E to T (Φ̂) = Φ̄ ∈ E, where

ϕ̄
j
i =

ϕ̂
j
i
∂Q(Φ̂)
∂ϕ

j
i∑

i′ ϕ̂
j
i′
∂Q(Φ̂)
∂ϕ

j
i′

. (40)

For brevity, ∂Q(Φ̂)
∂ϕ

j
i

denotes the partial derivative ∂Q
∂ϕ

j
i

evaluated at410

point Φ̂.411

In Gopalakrishnan et al. (1991), the growth transform is ex-
tended3 to rational functions R(Φ) over E:

R (Φ) =
Num(Φ)
Den(Φ)

.

3Additionally, they show that the growth transform in Eq. (40) can be ap-
plied to nonhomogeneous polynomials.
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This is done by converting R (Φ) into a polynomial QΦ̂(Φ) for
a given Φ̂ such that if QΦ̂

(
T

(
Φ̂

))
> QΦ̂(Φ̂), then R

(
T

(
Φ̂

))
>

R
(
Φ̂

)
, except T

(
Φ̂

)
= Φ̂. The polynomial QΦ̂(Φ) that fulfills

this condition is given in Gopalakrishnan et al. (1991) as

QΦ̂(Φ) = Num(Φ) − R(Φ̂)Den(Φ).

To see this, first note that QΦ̂(Φ̂) = 0. Thus, if QΦ̂(Φ̄) >412

QΦ̂(Φ̂), then Num(Φ̄) > R(Φ̂)Den(Φ̄), and hence R(Φ̄) >413

R(Φ̂).414

Unfortunately, the growth transform can not be applied di-
rectly to QΦ̂(Φ), as it might have negative coefficients. To en-
sure nonnegativity, the growth transform is instead applied to

S Φ̂(Φ) = QΦ̂(Φ) + C(Φ),

where

C(Φ) = κ

∑
j,i

ϕ
j
i + 1

r

has constant value over E, since
∑

i ϕ
j
i = 1, and r denotes the415

maximal order of QΦ̂(Φ). Hence, C(Φ) adds a constant κ to416

every monomial in QΦ̂(Φ). This constant κmust be chosen such417

that S Φ̂(Φ) has nonnegative coefficients for every Φ̂. Thus,418

S Φ̂(Φ) has positive coefficients and still has the same important419

property as QΦ̂(Φ). This polynomial with positive coefficients420

can now be considered for the growth transform in Eq. (40).421

As easily can be verified, the partial derivative of S Φ̂(Φ) can422

be expressed in terms of ∂ log R(Φ̂)
∂ϕ

j
i

, according to423

∂S Φ̂(Φ̂)

∂ϕ
j
i

= Num(Φ̂)
∂ log R(Φ̂)

∂ϕ
j
i

+ D,

where D = κr(J + 1)r−1 is the derivative of C(Φ). Plugging this
result into Eq. (40), we finally obtain the extended Baum-Welch
re-estimation equation for discrete probability distributions of
the form

ϕ̄
j
i ←

ϕ̂
j
i

(
∂ log R(Φ̂)

∂ϕ
j
i

+ D
)

∑
i′
ϕ̂

j
i′

(
∂ log R(Φ̂)

∂ϕ
j
i′

+ D
) , (41)

where the ϕ̄ j
i denotes the updated parameters, and constant D424

must be chosen to be sufficiently large.425

Appendix B: MM-HMM EBW Algorithm426

The implementation of the EBW algorithm for maximizing427

the margin, i.e. MM-HMM EBW algorithm, is stated in Algo-428

rithm 1.429

The E-step of the MM-HMM EBW algorithm using the approx-430

imation of ∂ log dn
Θ

∂Θ
(see Eq. (30)) is depicted in Algorithm 2.431

In Algorithm 3, the M-step of the MM-HMM EBW algorithm432

using parameter updates of Eq. (12) is illustrated.433
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Input: {X1, . . .XC }

Output: ρc, πc,i, ac,i, j, αc,i,m,µc,i,m,Σc,i,m ∀c ∈ {1, . . . ,C}, ∀i, j ∈ {1, . . . , S };∀m ∈
{1, . . . ,M}

Initialization: For each c, Θc = {πc,i, ac,i, j, αc,i,m,µc,i,m,Σc,i,m}i, j∈{1,...,S },m∈{1,...M} is
initialized by MLE using the EM-algorithm. The class prior is set to
the normalized class frequency, i.e. ρc =

Nc
N

while J(X|Θ) not converged do
Determine: X1, X2, X3 based on (dn

Θ
)λ

Determine: sn ∀n ∈ {1, . . . ,N} based on X1, X2, X3

E-Step (see Algorithm 2)
Determine D (see Section 4.4)
M-Step (see Algorithm 3)

end
Algorithm 1: Discriminative Margin-based training of HMMs
(MM-HMM EBW algorithm).

E-Step:
for c← 1 to C do

rn,η
c ←

(p(xn |Θc )ρc )η∑
c′,cn

(p(xn |Θc′ )ρc′ )
η

∂logdn
Θ

∂ρc
←

1
ρc

[
zn
c−žn

c ·r
n,η
c

]
∑C

c′=1

∣∣∣∣∣∣∣ 1
ρc′

[
zn
c−žn

c ·r
n,η
c

]∣∣∣∣∣∣∣
∂ρc ←

∑N
n=1 sn ∂ log dn

Θ
∂ρc

for i← 1 to S do

∂ log dn
Θ

∂πc,i
←

1
πc,i

[
un
c,i,1−ǔn

c,i,1 ·r
n,η
c

]
∑S

i′=1

∣∣∣∣∣∣∣ 1
πc,i′

[
un
c,i′ ,1

−ǔn
c,i′ ,1

·rn,η
c

]∣∣∣∣∣∣∣
∂πc,i ←

∑N
n=1 sn ∂ log dn

Θ
∂πc,i

for j← 1 to S do

∂ log dn
Θ

∂ac,i, j
←

1
ac,i, j

[
yn
c,i, j−y̌n

c,i, j ·r
n,η
c

]
∑S

j′=1

∣∣∣∣∣∣∣ 1
ac,i, j′

[
yn
c,i, j′

−y̌n
c,i, j′

·rn,η
c

]∣∣∣∣∣∣∣
∂ac,i, j ←

∑N
n=1 sn ∂ log dn

Θ
∂ac,i, j

end
for m← 1 to M do

γn
c,i,m,t ←

αc,i,m ·N(xn
t |µc,i,m ,Σc,i,m)

bc,i (xn
t )

∀n ∈ {1, . . . ,C}

∂ log dn
Θ

∂αc,i,m
←

1
αc,i,m

Tn∑
t=1

[
γn

c,i,m,t

(
un
c,i,t−ǔn

c,i,t rn,η
c

)]
∑M

m′=1

∣∣∣∣∣∣∣ 1
αc,i,m′

Tn∑
t=1

[
γn

c,i,m′ ,t

(
un
c,i,t−ǔn

c,i,t rn,η
c

)]∣∣∣∣∣∣∣
∂αc,i,m ←

∑N
n=1 sn ∂ log dn

Θ
∂αc,i,m

end
end

end
Algorithm 2: E-step of the MM-HMM EBW algorithm.
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c,i,t ·r
n,η
c

)]
+D

− (µ̄c,i,m)2

µc,i,m ← µ̄c,i,m
end
αc,i,m ← ᾱc,i,m ∀m
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Algorithm 3: M-step of the MM-HMM EBW algorithm.
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