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ABSTRACT

In this paper a trade-off between sparsity and approximation

quality of models learned with incremental automatic rele-

vance determination (IARD) is addressed. An IARD algo-

rithm is a class of sparse Bayesian learning (SBL) schemes.

It permits an intuitive and simple adjustment of estimation

expressions, with the adjustment having a simple interpre-

tation in terms of signal-to-noise ratio (SNR). This adjust-

ment allows for implementing a trade-off between sparsity of

the estimated model versus its accuracy in terms of residual

mean-square error (MSE). It is found that this adjustment has

a different impact on the IARD performance, depending on

whether the measurement model coincides with the used es-

timation model or not. Specifically, in the former case the

value of the adjustment parameter set to the true SNR leads

to an optimum performance of the IARD with the smallest

MSE and estimated signal sparsity; moreover, the estimated

sparsity then coincides with the true signal sparsity. In con-

trast, when there is a model mismatch, the lower MSE can

be achieved only at the expense of less sparser models. In

this case the adjustment parameter simply trades the estimated

signal sparsity versus the accuracy of the model.

1. INTRODUCTION

The problem of recovering a sparse representations from

a noisy measurement has received considerable attention

in recent years [1–4]. Typically, the goal is to find an L-
dimensional vector w = [w1, . . . , wL]T , which is assumed

to contain only K nonzero elements, K ≪ L, from a noise-

perturbedmeasurement vector t generated from the following

linear measurement model:

t = Φw + ξ. (1)

Here Φ = [φ1, . . . , φL] is a dictionary matrix with L
columns corresponding to some fixed signal waveforms

∗This work was supported in part by the Austrian Science Fund (FWF)

under Award S10610-N13 within the national research network SISE

φ
l
∈ R

N , l = 1, . . . , L. The additive perturbation ξ is

typically assumed to be a white Gaussian random vector with

zero mean and covariance matrix τ−1I , where τ is a noise

precision parameter. Despite the linearity of (1), the addi-

tional sparsity constraints imposed on the weight vector w

make the estimation problem nontrivial. Specifically, learning

the sparse vector w requires imposing formal constraints on

the objective function for the model parameters w to ensure

the resulting solution is sparse [2–6].

Sparse Bayesian learning (SBL) [7, 8] is a class of such

learning schemes where these constraints are introduced

through the use of a hierarchical prior. Specifically, the prior

on w is introduced as p(w|α)p(α), where p(w|α) is a prod-
uct of Gaussian probability density functions (pdfs) with zero

mean and precision parameters α = [α1, . . . , αL]T – also

called sparsity parameters – that regulate the width of these

pdfs.1 The weights w and the sparsity parameters α are then

found from the mode of the corresponding posterior pdfs.

Recently, it has been shown that SBL can be realized very

efficiently when the hyperprior p(α) is assumed to be flat

[10,11] or non-informative [12]2. These special cases of SBL,

commonly referred to as automatic relevance determination

(ARD), have several important theoretical as well as practi-

cal advantages. First, the ARD formulation of the hyperprior

p(α) is related to weighted versions of minimum ℓ1-norm re-

gression and basis pursuit denoising (see [2,6,11,14]) – more

traditional “non-Bayesian” methods for learning sparse rep-

resentations. Second, the ARD formulation can be exploited

to construct very fast and efficient inference schemes [10–12]

– incremental ARD (IARD).

Typically, the weights w are determined from the mode

of the posterior pdf p(w|t, α, τ) that can be computed ana-

lytically; the sparsity parameters α and the noise precision τ
are then estimated by maximizing the posterior pdf p(α, τ |t).
The latter optimization is generally analytically intractable,

1It is also possible to extend the SBL prior formulation to priors involving

three layers of hierarchy [9].
2Note that while these priors are improper, i.e., they do not integrate

to one, in our case the resulting weight posterior under such hyperprior is,

nonetheless, a proper pdfs (see [13] for more details).



yet using the IARD scheme it can be solved very efficiently.

Specifically, it can be shown [10, 12] that the optimum of the

corresponding objective function with respect to the sparsity

parameter of the lth component can be computed in closed

form provided the other sparsity parameters αk, k 6= l, and
the noise precision parameter τ are fixed. The posterior pdf

p(α, τ |t) is then optimized incrementally with respect to α

by cycling through L sparsity parameters in a round-robin

fashion [10, 12]. An important consequence of this algorithm

is that the analytical analysis of the corresponding infer-

ence expressions allows for deriving exact conditions, termed

pruning conditions, that determine if the sparsity parameter

that optimizes the posterior p(α, τ |t) is finite or infinite3.
The pruning conditions are the key features of the IARD

scheme that differentiate it from the other sparse learning

techniques. In contrast to traditional minimum ℓ1-norm

methods, where the recovery of a sparse solution is estab-

lished by guaranteeing (with some high probability) an upper

bound on the norm of the error between the estimated vec-

tor ŵ and a true sparse vector w0 [2, 15, 16], the pruning

conditions obtained with IARD are “non-asymptotic”; they

determine which elements in the weight vector w must be set

to zero. More importantly, the structure of these conditions

can be used to “explain” why a specific weight has been set

to zero. In particular, it has been shown [12] that the prun-

ing conditions depend on an estimate of the per-component

signal-to-noise ratio (SNR). This interpretation allows for an

empirical tuning of the pruning conditions and, as a result, of

the estimated signal sparsity.

The goal of this paper is to analyze the performance of

IARD schemes as a function of this adjustment in two prac-

tically relevant scenarios: (i) when the measurement model

behind t coincides with the estimation model (1), and thus

the measurement t can be optimally represented with exactly

K components of Φ, and (ii) when (1) is used as an approxi-

mation to the actual measurement model. In the latter case t is

only “approximately” sparse in Φ; some elements of w thus

have small, yet larger than zero magnitudes even in noise-free

cases. Therefore, it makes sense to inquire if in the second

scenario it is possible to trade the sparsity of the resulting

model versus the approximation quality and how this trading

is to be realized. In this work we demonstrate that the IARD

scheme with adjusted pruning condition effectively realizes

this trade-off. Specifically, we show that in the model mis-

match case the tuning of the pruning conditions effectively

trades the sparsity of the estimated signal versus the quality

of the resulting models in terms of mean-square error (MSE).

In contrast, in the first scenario, there is no trade-off between

sparsity and residual MSE; on the contrary, an optimal perfor-

mance is achieved by setting the adjustment level to the actual

SNR. This effectively minimizes the residual MSE, while at

the same time estimates the correct signal sparsity.

3An infinite value of the hyperparameter forces the posterior value of the

component weight to zero.

The rest of the paper is organized as follows. In Section 2

we give an outline of the SBL signal model. In Section 3 we

explain the incremental ARD solution to the SBL problem

and discuss the adjustment of the pruning conditions. Sim-

ulation results that demonstrate the impact of the adjusted

pruning conditions on the performance of IARD schemes are

discussed in Section 4.

2. SBL SIGNAL MODEL

A standard solution to SBL with ARD is a two step proce-

dure that alternates between estimating the weight vector w

and estimating the corresponding sparsity parameters α and

noise precision τ . Given an estimate of the noise precision

parameter τ̂ and sparsity parameters α̂, an estimate of the

weight vector ŵ is obtained as a mode of the posterior pdf

p(w|t, α̂, τ̂) = p(t|w, τ̂ )p(w|α̂), which can be shown to be

a Gaussian pdf with the mean ŵ and covariance matrix Ŝ

given by

Ŝ =
(
τ̂ΦT

Φ + Â
)−1

and ŵ = τ̂ ŜΦ
T t, (2)

where Â = diag(α̂) is a diagonal matrix with the elements

of α̂ on the main diagonal. The estimates of α and τ are com-

puted by maximizing p(α, τ |t) ∝ (t|α, τ)p(α)p(τ), where

p(t|α, τ) =

∫
p(t|w, τ)p(w|α)dw

=N(t|0, τ−1I + ΦA−1
Φ

T )

(3)

is also known as a marginal likelihood function [7]. The max-

imizers α̂ and τ̂ of p(α, τ |t) can be obtained using the EM

algorithm where the weights w are used as complete data

(see [7] for more details). For the ARD case the correspond-

ing estimation expressions are then given as

α̂l = (|ŵl|
2 + Ŝll)

−1 (4)

and τ̂ =
N

‖t − Φŵ‖2 + Trace(ŜΦ
T
Φ)

, (5)

where ŵl is the lth element of the vector ŵ, and Ŝll is the

lth element on the main diagonal of the matrix Ŝ. The update

expressions (2) and (4)–(5) are then repeatedly evaluated until

convergence [7].

In cases when t allows for a sparse representation in terms

of Φ, the sparsity parameters α̂ of some of the components

will diverge, forcing the posterior value of the corresponding

weights in (2) to converge toward zero and, thus, encouraging

a sparse solution.

3. INCREMENTAL ARD SCHEME

Unfortunately, due to the EM-based maximization of (3)

the rate at which sparsity parameters diverge is very low;



many iterations are needed for the hyperparameters to reach a

threshold at which they can be treated as “numerically” infi-

nite.4 This has motivated the use of alternative, more efficient

schemes to maximize (3) with respect to α [10–12, 17].

A more efficient algorithm can be obtained for a flat hy-

perprior p(α).5 Surprisingly, the optimum of p(t|α, τ) with
respect to a single sparsity parameter αl, assuming that the

other sparsity parameters α̂
l
= [α̂1, . . . , α̂l−1, α̂l+1, . . . , α̂L]T

and the noise precision parameter τ̂ are fixed, can be com-

puted in closed form. Specifically, the logarithm of

p(t|αl, α̂l
, τ̂ ) can be decomposed as [10]

log p(t|αl, α̂l
,τ̂ ) = L(αl; α̂l

, τ̂) = L(α̂
l
, τ̂ )+

1

2

(
log(αl) − log(αl − sl) +

q2
l

αl + sl

)
,

(6)

where

sl = φT

l
Ĉ

−1

l
φl, ql = φT

l
Ĉ

−1

l
t, (7)

Ĉ
l
= τ̂−1I +

∑

k 6=l

α̂−1

k
φ

k
φT

k
, (8)

and L(α̂
l
, τ̂ ) is a part of the marginal log-likelihood that is

independent of αl. Then, the maximum of (6) with respect to

αl is obtained at [10, 12]

α̂l =

{
s2

l
(q2

l
− sl)

−1, q2
l

> sl,
∞, q2

l
≤ sl.

(9)

Using (9) the marginal likelihood p(t|αl, α̂l
, τ̂ ) can be max-

imized incrementally with respect to the sparsity parameter

of one component at a time. Note that the result (9) not only

tells if a particular element in ŵ is zero, but also dramatically

accelerates the rate of SBL convergence since the optimum of

the marginal likelihood with respect to a single sparsity pa-

rameters can be computed analytically [10, 12, 17].

3.1. Pruning condition of IARD schemes

The key to sparsity inducing properties of the incremental

ARD schemes lies in the pruning condition (9) that deter-

mines which elements in the vector w are set to zero.6 Here

we study these conditions in greater detail.

Let us define µl = ql/sl and ςl = s−1

l
. In [12] it has been

demonstrated that µl and ςl correspond, respectively, to the

lth element of the vector ŵ and the lth diagonal element of

the matrix Ŝ in (2) computed when the sparsity parameter α̂l

is set to zero, i.e., when the basis vectorφl is not regularized
7.

4For instance, this threshold can be set to 1015 or 1016 .
5Using variational Bayesian analysis a similar scheme can be derived for

non-informative hyperpriors p(αl) ∝ α
−1

l
, l = 1, . . . , L, [12].

6Strictly speaking, the order in which basis vectors are processed also

plays a role, in particular when Φ has a high mutual coherence.
7From (2) it follows that bα is a vector of regularization parameters for

computing bw.

Naturally, for ςl > 0, the pruning condition q2
l

> sl in (9) is

equivalent to
µ2

l

ςl
> 1, (10)

where µ2
l
/ςl can recognized as an estimate of the lth com-

ponent SNR. In other words, a finite estimate of α̂l is ob-

tained provided an estimate of the lth component SNR, given

by µ2
l
/ςl, exceeds a 0dB threshold. This is a very simple and

intuitive result: it demonstrates that the condition (10) deter-

mines if the quality of the lth component (as measured by its

SNR) is above the level of the residual noise after the impact

of the other L − 1 components is taken into account. Quite

naturally, the condition (10) can be adjusted (or tuned) by re-

quiring that
µ2

l

ςl
> ηl (11)

where ηl is some predefined SNR level; in other words, only

components with a certain SNR level ηl ≥ 1 have to be re-

tained in the model. Note that (11) is an empirical adjustment

since for ηl > 1 the resulting estimate α̂ no longer maxi-

mizes p(t|α, τ̂). Nonetheless, this adjustment can be mo-

tivated from the perspective of statistical hypothesis testing

(see [18] for more details).

The condition (11) is a key to understanding how sparsity

of the resulting model can be traded for the model approx-

imation quality. Further in the text we will term the IARD

scheme that makes use of pruning condition (11) as η-IARD
algorithm.

In what follows we investigate the impact of the adjust-

ment parameter ηl on the performance of η-IARD algorithm.

4. EXPERIMENTAL ANALYSIS

In order to demonstrate the impact of the parameter ηl on

the performance of η-IARD scheme, three experimental se-

tups are considered. In the first setting we consider a standard

compressive sampling toy problem, where the data t is gen-

erated using (1); in other words, there is no model mismatch.

In the second setting we consider an application of η-IARD
scheme to two non-parametric regression problems: (a) a sinc

regressions problem as used in [7], and (b) a sparse regression

of real data taken from UCI Machine Learning Repository.

The last two examples are aimed to demonstrate the perfor-

mance of the η-IARD scheme when there is a model mis-

match and parameter ηl is used to trade model sparsity versus

residual MSE.

4.1. Compressive sampling toy problem

In this experiment we study the impact of ηl using a compres-

sive sampling toy problem. Here the basis functions φl ∈
R

N , l = 1, . . . , L, are generated by drawing N = 100 sam-

ples from a Gaussian distribution with zero mean and vari-

ance 1. A sparse vector w is constructed by setting K = 10



elements of w to 1 at random locations. Note that in this set-

ting each component has the same SNR; thus, we assume that

η1 = . . . = ηL = η.8 The target vector t is then generated

according to (1).

We begin by computing the normalizedmean-square error

(NMSE) of the estimation schemes versus the SNR. For com-

parison purposes we also include the simulation results for a

Relevance Vector Machine (RVM) [7] and reformulated ARD

(R-ARD) [11]. η-IARD schemes are simulated with η =
1, 3.16 and 10, which corresponds to 0dB, 5dB, and 10dB ad-

justment SNR′, respectively. For simplicity we will refer to

the values of adjustment parameter ηl in dB-scale. The cor-

responding simulation results are summarized in Fig. 1. Note
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Fig. 1. Normalized mean-square error (NMSE) versus SNR.

that RVM, R-ARD and η-IARD with η = 1 perform com-

parably in terms of NMSE. Yet increasing the value of η im-

proves the algorithm performance. The reason for that is an

underestimated model sparsity due to the presence of noise.

In fact, many of the estimated components have very small,

yet non-zero weights (see Fig.2). The introduction of the ad-
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Fig. 2. The magnitude of the non-zero component weights for

SNR fixed at 30 dB. a) RVM algorithm; b) η-IARD for η = 1
algorithm; c) R-ARD algorithm.

8In further experiments we will also make use of this assumption.

justment η effectively prunes the noisy components, thus im-

proving the sparsity estimation and, as the result, the NMSE.

Let us also point to a distinctive threshold-like behavior of

the η-IARD schemes: their performance in terms of NMSE

is largely insensitive to the level of the noise when η is set

above the actual SNR. However, when the actual SNR level

approaches the selected value of the adjustment η, the NMSE

improves rapidly and then continues to drop linearly9 with the

increasing SNR level.

Let, us now consider the performance of the η-IARD
scheme in terms of NMSE value and estimated sparsity as a

function of the adjustment level η. For that we fix the sig-

nal SNR at 10dB and consider the η-IARD algorithm with

different settings of the adjustment parameter η. The corre-

sponding results, averaged over 10000 Monte Carlo runs, are

summarized in Fig. 3. Observe that for small η the number of
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Fig. 3. NMSE and the estimated number of non-zero compo-

nents as a function of the adjustment η for true SNR fixed at

10dB. SNR′ corresponds to the adjustment η in dB-scale.

estimated components is high. As η grows, the NMSE value

as well as the number of the estimated components drops.

Note that the performance of the RVM and R-ARD schemes

(not shown in Fig.3) is very similar to the performance of the

η-IARD scheme with η = 1, i.e., the sparsity is significantly

underestimated. In case of the η-IARD scheme, setting the

value of η to the actual SNR of 10dB leads to the minimum

of the NMSE; also, the estimated number of components

coincides with the true signal sparsity. Obviously, there is a

value of the parameter η that optimizes the performance of

the η-IARD scheme. Specifically, in noisy scenarios the true

sparsity can be recovered provided the value of η is selected

to correspond to the actual signal SNR; at the same time

the residual NMSE is minimized. This observation is also

supported by our previous investigations [12, 17].

9Over a logarithmic scale.



4.2. Non-parameteric sinc regression problem

In this experiment we consider a reconstruction of a noise-

perturbed sinc(x) = sin(x)/x function based on N = 100
randomly-spaced samples in the interval [−10, 10]. The mea-

surements t are generated by evaluating sinc(x) at sampled

locations and perturbing them using a zero-mean normally

distributed white noise with variance σ2. The variance of the

noise is chosen such as to ensure a desired SNR value. Re-

construction is implemented using a set of L = 100 Gaussian

kernels φl, l = 1, . . . , L centered at measured samples and

having a fixed variance of 2.3. Note that the measurement t

generated with the sinc model is only “approximately” sparse

in Φ. The noise precision τ has been automatically estimated

for each run of the algorithm. This example demonstrates the

performance of the η-IARD scheme in this case.

Due to space limitations we will not evaluate the NMSE

performance as a function of SNR for the following exam-

ples. Instead, we go directly to the dependency of NMSE

and estimated sparsity on the value of the adjustment param-

eter η for the SNR level fixed at 10dB. The corresponding

results, averaged over 10000 Monte Carlo runs, are summa-

rized in Fig. 4. Note that in contrast to the previous scenario,
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Fig. 4. NMSE and the estimated number of non-zero com-

ponents as a function of the adjustment η for sinc regression

problem.

the resulting curve does not have a distinct optimum. Instead,

higher values of η increase the sparsity of the model at the

expense of higher NMSE; in other words, the adjustment pa-

rameter η monotonically trades the approximation quality of

the learned model versus estimated signal sparsity.

Let us stress that in practice the model (11) is often used

as a mere approximation to the true measurement model. As

a result the sparsity is not exact. The result (11) thus provides

a mechanism to adjust the IARD scheme so as to account for

the model mismatches. More specifically, the parameter η
specifies the minimum quality of the component, as measured

by its SNR, that is to be retained in the model. Quite naturally,

a specific value of η is typically problem dependent.

4.3. Concrete Compressive Strength data

In this example we evaluate the algorithm performance on a

real data set – the Concrete Compressive Strength (CCS) data

from the UCI Machine Learning Repository. It is a multivari-

ate regression data set with 8 attributes and 1030 instances.

To evaluate the model performance a 20-fold cross-validation
has been used. Both training and test data outcomes are nor-

malized to have zero mean and unit variance. The dictionary

matrixΦ consists of Gaussian kernelsφ
l
centered at the mea-

surement samples. The variance of the kernels is fixed at 4.3.
The noise precision τ has been automatically estimated for

each run of the algorithm. In Fig. 5 we plot the dependency

of NMSE and estimated signal sparsity on the value of η.
Observe that the behavior of the NMSE-sparsity curve as a
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ponents as a function of the adjustment η for Concrete Com-

pressive Strength data.

function of η is very similar to the sinc-regression case. In-

deed, due to the model mismatch, the parameter η can be used

to trade the sparsity of the resulting model versus the value of

the residual NMSE.

5. CONCLUSION

In this paper the performance of the adjusted incremental au-

tomatic relevance determination (IARD) algorithm has been

analyzed. The considered adjustment allows for a trade-off

between the sparsity and the approximation quality of the

learned models. The latter is realized by modifying the prun-

ing condition of the IARD scheme. The modification has a

simple interpretation in terms of the per-component signal-

to-noise ratio (SNR).



The impact of the modification has been studied in two

scenarios. In the first scenario the estimation model coincides

with the measurementmodel; in the second one the estimation

model is used as an approximation to the true model behind

the measurement data. It has been determined that in the first

case, the performance of the IARD scheme has a distinct op-

timum, which was achieved by setting the adjustment level to

the true signal SNR. In this way the mean-square error (MSE)

is minimized and the true signal sparsity is recovered. In the

second case, theMSE is minimized only at the expense of less

sparse models; fewer nonzero components inevitably leads to

a higher MSE. In this case the adjustment of the pruning con-

dition can be seen as a trade-off between signal sparsity and

the achieved MSE.
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