
2012 IEEE INTERNATIONALWORKSHOP ON MACHINE LEARNING FOR SIGNAL PROCESSING, SEPT. 23–26, 2012, SANTANDER, SPAIN

DISTRIBUTED VARIATIONAL SPARSE BAYESIAN LEARNING FOR SENSOR NETWORKS

Thomas Buchgraber⋆ and Dmitriy Shutin†

⋆ Signal Processing and Speech Comm. Lab., Graz University of Technology, Austria
† German Aerospace Center, DLR Oberpfaffenhofen, Germany

ABSTRACT

In this work we present a distributed sparse Bayesian learning
(dSBL) regression algorithm. It can be used for collaborative sparse
estimation of spatial functions in wireless sensor networks (WSNs).
The sensor measurements are modeled as a weighted superposition
of basis functions. When kernels are used, the algorithm forms a
distributed version of the relevance vector machine. The proposed
method is based on a combination of variational inference and loopy
belief propagation, where data is only communicated between neigh-
boring nodes without the need for a fusion center. We show that for
tree structured networks, under certain parameterization, dSBL coin-
cides with centralized sparse Bayesian learning (cSBL). For general
loopy networks, dSBL and cSBL are differend, yet simulations show
much faster convergence over the variational inference iterations at
similar sparsity and mean squared error performance. Furthermore,
compared to other sparse distributed regression methods, our method
does not require any cross-tuning of sparsity parameters.

Index Terms— Sparse Bayesian, distributed, collaborative
learning, loopy belief propagation, sensor networks

1. INTRODUCTION

The research of sparse signal representation has been very intensive
in recent years (see e.g. [1, 2, 3]). One of the approaches for find-
ing sparse models, which lays down the foundation for this work,
is based on sparse Bayesian learning (SBL) [4, 5, 6], exemplified
by relevance vector machines (RVMs). Apart from that, advances
in electronics and digital communications have made wireless sen-
sor networks (WSNs) a very promising tool for efficiently solving
large-scale decision and information-processing tasks [7]. Due to
energy constraints and often limited communication capabilities, the
operation of WSNs relies on distributed processing, when the aim
of the whole network is achieved through synergy of individual sen-
sors, able to sense, compute, and communicate data. In the context
of distributed learning [8], which is an essential task for WSNs, we
want to make inferences about the environment based on informa-
tion gained from sensor observations. From this perspective, find-
ing sparse representations in WSNs through collaborations is very
important to enhance the energy and communication efficiency for
such algorithms.

In this work, we propose a distributed sparse Bayesian learn-
ing (dSBL) algorithm for sparse regression in WSNs based on loopy
belief propagation (LBP). As opposed to a previous approach [9],
we now derive dSBL directly from centralized SBL (cSBL), where
all data is available at one point, and show its equivalence for tree
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Fig. 1. A Bayesian network representing the centralized sparse
Bayesian learning (cSBL) model with known noise precision τ .

structured networks. Note that this equivalence does not hold for
the previous model in [9]. Other related work on sparse distributed
regression can be found, e.g. in [10, 11, 12]; these methods how-
ever require some cross-tuning of sparsity parameters, which is not
necessary for dSBL.

The paper is organized as follows. In the Sections 2-4, we in-
troduce cSBL and describe all relevant steps needed to obtain the
proposed dSBL algorithm. In Section 5, we compare the simulation
results of dSBL with its centralized counterpart and finally conclude
in Section 6.

2. BAYESIANMODEL DEFINITION

Consider a network with K sensors, where each sensor k =
1, . . . ,K observes a measurement tk, which we denote as the
target signals. We assume that the measurements are noisy obser-
vations of some unknown field function f(x), spatially sampled
at the sensor positions x1, . . . ,xK , where xk ∈ R

d and d is the
coordinate system dimension (e.g., d = 2 for planar deployment)1 .
Since we assume a static field function, the set D = {xk, tk}

K
k=1

can be considered as distributed training data with inputs xk and
targets tk available at sensor k.

We now start to define the cSBL model, where D is assumed
to be locally available at some point, and return to our distributed
considerations in a later section.

A Bayesian network for cSBL [5, 6] is depicted in Figure 1,
where hidden random variables are shown as unshaded nodes, ob-
served random variables as shaded nodes, and known parameters
and fixed basis functions as dots. The targets are modeled as

tk =
M

X

m=1

wmψm(xk) + ǫk, (1)

a superpositions ofM weighted basis functions ψm(·) with additive
perturbation ǫk ∼ N (ǫk|0, τ

−1), where we assume the precision

1Note that although we use xk as sensor coordinates here, it could also
be any other kind of input vector available at sensor k.
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parameter τ to be known. Note that since we do not know the under-
lying true function f(x), and our model (1) may not be rich enough
to perfectly represent any f , the perturbation term ǫk can be seen
not only as including sensor measurement noise, but also any model
mismatches. It is typically desired that (1) is as compact as possi-
ble. Thus we would like to find the sparsest representation with the
smallest possible number of basis functions. In a nutshell, we would
like to find many weights to be zero. Inference on the cSBL model
naturally leads to such sparse representations by assuming a hierar-
chical prior p(wm|αm)p(αm) on the weights with p(wm|αm) =

N (wm|0, α−1
m ) and p(αm) = Ga(αm|a, b) ∝ αa−1

m e−bαm . Typ-
ically the parameters a, b are defined as a = b = 0, which leads
to an improper non-informative Jeffreys prior and is the key to au-
tomatic relevance determination [5]. Large values for the posterior
probability mass of αm, which we denote as hyperparameters, lead
to a distribution p(wm|αm) highly peaked at zero and renders the
corresponding basis functionm irrelevant.

3. VARIATIONAL APPROXIMATION

In SBL, we are interested in making predictions for a target t∗ given
an arbitrary input x∗ and the training data D. That is, we need to
evaluate the predictive distribution

p(t∗|t) =

Z

p(t∗|w,α)p(w,α|t) dw dα, (2)

where in our notation we left out all deterministic parts (including
x∗) and define w = [w1, . . . , wM ]T , α = [α1, . . . , αM ]T and
t = [t1, . . . , tK ]T . Unfortunately, the posterior over all hidden vari-
ables inside the integral (2), defined as

p(w,α|t) =
p(t|w)p(w|α)p(α)

p(t)
, (3)

cannot be computed in closed form due to the intractable model ev-
idence p(t). Thus, also (2) cannot be computed in closed form and
we need some effective approximation.

There are several approaches for cSBL approximate inference in
the literature [5, 6, 13], where in our approach we follow the varia-
tional Bayesian (VB) approximation presented in [6].

In variational SBL, also known as the variational relevance
vector machine when kernel basis functions are used, the in-
tractable posterior (3) is approximated by q(w,α) = q(w)q(α) ≈
p(w,α|t). The factorization of q(w) and q(α) is known as struc-
tured mean field approximation and forms the only relaxation to the
problem. VB inference aims at finding the distributions q(w) and
q(α) iteratively by minimizing the Kullback-Leibler (KL) diver-
gence KL[q(w,α)‖p(w,α|t)]. Unfortunately, the KL divergence
depends on the intractable posterior, which cannot be obtained.
However, a variational lower bound [14] on the log-model evidence
ln p(t) = L[q(w,α)] +KL[q(w,α)‖p(w,α|t)], defined as

L[q(w,α)] =

Z

q(w,α) ln
p(w,α, t)

q(w,α)
dwdα, (4)

can be maximized instead. The maximization of L, which depends
on the joint distribution instead of the posterior, is equivalent since
ln p(t) is constant with respect to q(w,α) and KL ≥ 0. With the
factorization constraint, we can find the optimal update expressions
[14] as

ln q(w) = Eq(α){ln[ p(t|w)p(w|α) ]} + C1, (5)

ln q(α) = Eq(w){ln[ p(w|α)p(α) ]} + C2, (6)

where C1 and C2 denote parts that are independent of w and α,

respectively. By solving (5) and (6), we find q(w) = N (w|µ̂, Σ̂)

and q(α) =
QM

m=1 Ga(αm|âm, b̂m), cf. [6], with

Σ̂ =
“

τ̂ΦT
Φ + diag(α̂)

”−1

, µ̂ = τ̂Σ̂Φ
T
t, (7)

and

âm = a+ 1/2, b̂m = b+ (µ̂2
m + Σ̂mm)/2, (8)

where α̂m = Eq(αm){αm} = âm/b̂m, α̂ = [α̂1, . . . , α̂M ]T , Φ =

[φ1, . . . ,φK ]T , φk = [ψ1(xk), . . . , ψM (xk)]T , µ̂m is themth el-

ement of the mean vector µ̂, and Σ̂mm is the mth element on the
main diagonal of the covariance matrix Σ̂.

Consecutive updates of (7) and (8) lead to components of the
distribution q(w) highly peaked at zero. These components, which
correspond to irrelevant basis functions, can be equivalently detected
by large elements of α̂. Practically, one defines a large threshold θth
and considers all α̂m > θth, for m = 1, . . . ,M , as infinite, where
the corresponding basis functions can be pruned from the model.

4. DISTRIBUTED SPARSE BAYESIAN LEARNING

Let us now extend the variational approximative cSBLmodel in such
a way that we can derive the dSBL algorithm step by step. The
fundamental problem is how to obtain a distributed versions of the
variational updates (5) and (6).

First, consider the update expression (6). If we knew q(w) at
each sensor in the network, i.e. if we knew its sufficient statistics µ̂

and Σ̂, we could compute α̂, which is a sufficient statistic of q(α)

since âm is constant and b̂m = âm/α̂m. That means, updating q(α)
is only a local computation at each sensor in the network if q(w) is
known everywhere.

Secondly, we modify the update expression (5) for q(w) slightly
to obtain an intermediate model with K hyperparameter vectors
α̂1, . . . , α̂K , one for each sensor. For this, we introduce a fac-
tor graph representation and show that we can obtain q(w) when
α̂1 = . . . = α̂K = α̂ by using message passing inference schemes.

Thirdly, we tackle the remaining question. Namely, how to
obtain q(w) at each sensor when our data D is distributed across
the network. Since we are not interested in collecting all the data
{xi, ti} for i 6= k at each sensor k, we propose a further modifica-
tion of the update expression (5) that better resembles the distributed
nature of our problem. The resulting factor graph representation in-
cludes multiple distributions q(wk) which can be obtained by using
message passing as communication between neighboring sensors.
We show that under certain assumptions, q(wk) = q(w), ∀k.

4.1. Factor graph representation

Factor graphs [15, 14] are probabilistic undirected bipartite graphs
consisting of nodes (circles), representing random variables and fac-
tors (black boxes), representing functions of the variables they are
connected to. Bayesian networks can be easily transformed into fac-
tor graphs, although one might obtain different independence per-
ceptibility in the transformed representation [14].

We now shown that the weight update expression (5), defined
by its sufficient statistics (7), can be obtained through inference per-
formed on the factor graph in Figure 2(a), where we now have mul-
tiple values α̂1, . . . , α̂K instead of one α̂. To show this, we define
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Fig. 2. Message flow on two factor graphs representing (a) an inter-
mediate model to derive (b) distributed SBL (dSBL).

the factors as2

ft(t̃,w) = exp{−
τ

2
‖t̃ − Φw‖2

2}, (9)

and

fkα(αk,w) = exp{−
1

2K
w

T
Akw}, ∀k, (10)

where Ak = diag(αk). Note that each sensor needs to know K,
the total number of sensors in the network, for definition (10). Al-
though we assume that K is known everywhere, it can be easily
obtained via consensus algorithms like [16, 17], as pointed out in
[18]. This can be performed fully decentralized without the need for
routing protocols. Let us now apply the sum-product algorithm [14]
on the factor graph in Figure 2(a) by noting that due to our previous
discussion about distributed hyperparameter updates, when q(w) is
available everywhere, we have α̂k = α̂, ∀k, where α̂k is the ex-
pectation of the hyperparameter vector at sensor k. We start to pass
messages from the leave nodes to w and consider observed variables
as Dirac delta distributions, i.e.,mαk→fkα

= δ(αk − α̂k), ∀k, and
mt̃→fkt

= δ(t̃ − t). Furthermore we have the messages from the
factors to w defined as the integral over the product of all incoming
messages times the factors itself, i.e.,mfkα→w = fkα(α̂k,w), ∀k,

2Note that factors need not to be normalized.

andmfkt→w = ft(t,w). Finally, we compute q(w) as the normal-
ized product of all incoming messages given as

1

Z
ft(t,w)

K
Y

k=1

fkα(α̂k,w), (11)

where Z is a normalization constant. By plugging (9) and (10) into
(11), it is now straight forward to show that (11) is a Gaussian distri-
bution with mean vector and covariance matrix as defined in (7) and
thus equivalent to cSBL.

4.2. Distributed computation of q(w)

So far we have assumed that q(w) is known to all sensors. Before
we investigate on how to distribute q(w) across the network, let us
define a WSN as an undirected connected graph G = (V, E) which
consists of vertices (or sensors) V and edges (or links) E defined as
a set of unordered pairs {k, l} ⊂ V representing the communica-
tion links. Note that by defining an undirected graph, we implic-
itly assume that sensors can communicate in both directions along a
communication link3. We define the neighborhood of a sensor k as
N(k) = {l | {k, l} ∈ E}.

4.2.1. Tree Networks

When we consider tree networks, i.e., networks without loops,
we can define a factor graph, as depicted in Figure 2(b), that has
marginal distributions q(wk), ∀k, which are equal to the central-
ized q(w) distribution. That is, we can obtain q(wk) = q(w)
at each sensor in the network. The marginals q(wk) can be effi-
ciently obtained by again using the sum-product algorithm, where
we pass messages from the leaves to an arbitrary root node and from
there back to the leaves [14]. Let us define the new factors used in
Figure 2(b), as

fkt(t̃k,wk) = exp{−
τ

2
(t̃k − φ

T
k wk)2}, ∀k, (12)

and

fkl(wk,wl) = exp



−
β

2
‖wk − wl‖

2
2

ff

, ∀{k, l} ∈ E , (13)

where (12), as opposed to (9), now has only a single observation t̃k
and we denote (13) as the coupling factors. The factors fkα are de-
fined as in (10), but are now connected to a local wk instead of a
global w. Compared to Figure 2(a), the factors (13) are conceptu-
ally new and form a fundamental part in the dSBL model. Wher-
ever sensors k and l are connected in the WSN graph, a factor fkl

is also defined in the factor graph, i.e., the physical structure G co-
incides with the probabilistic structure between the weights q(wk).
That is, the sum-product algorithm can be performed by the WSN,
where no routing scheme with any kind of multi-hop communica-
tion is needed. By inspecting (13) with β > 0, we have larger values
of fkl when wk, in terms of ℓ2 distance, is close to wl, which is
the driving force to achieve consensus in the network since there is
a larger probability that neighbors have similar weight distributions.
This coupling is even stronger when the precision parameter β, fur-
ther denoted as coupling parameter, is large. When β → ∞, then
fkl(wk,wl) ∝ δ(wk − wl) and we obtain the same weight distri-
butions everywhere.

3It is assumed that the physical and logical topologies in the communica-
tion network coinside.



In the following, we generally derive the messages and show
that as β → ∞, for tree structured graphs G, the equivalence
q(wk) = q(w) holds for all k. Similar as before the messages from
the observations to wk can be determined asmt̃k→fkt

= δ(t̃k − tk)
and mfkt→wk

= fkt(tk,wk). In the same manner we obtain
mαk→fkα

= δ(αk − α̂k) and mfkα→wk
= fkα(α̂k,wk) for

all k. Since all factors in Figure 2(b) have Gaussian shape, also the
messages between the sensors have Gaussian shape. Additionally, as
normalization can be done at any stage during message passing, we
further assume normalized messages for simplicity. Thus, we can
generally define the incoming message at node wk , coming from
some factor fuk, as normalized Gaussian

mfuk→wk
∝ exp



−
1

2
(wk−µuk)T

Λuk (wk−µuk)

ff

, (14)

with mean vector µuk and precision matrix (inverse covariance ma-
trix) Λuk. We can determine the messages send from sensor k to
sensor l as4

mwk→fkl
∝ mfkt→wk

mfkα→wk

Y

u∈N(k)\l

mfuk→wk
, (15)

and

mfkl→wl
∝

Z

fkl(wk,wl) mwk→fkl
dwk, (16)

where the sufficient statistics of (16) are obtained as

Λkl =

„

“ Âk

K
+ τφkφ

T
k +

X

u∈N(k)\l

Λuk

”−1

+ β−1
I

«−1

, (17)

µkl = (Λ−1
kl − β−1

I)
“

τφktk +
X

u∈N(k)\l

Λukµuk

”

, (18)

and Âk = diag(α̂k). Passing messages (17) and (18) from the
leave nodes to an arbitrary root node wk in the tree network, leads to
the marginal distribution q(wk) with mean vector µk and precision
matrix Λk defined as

Λk =
Âk

K
+ τφkφ

T
k +

X

u∈N(k)

Λuk (19)

and

µk = Λ
−1
k

“

τφktk +
X

u∈N(k)

Λukµuk

”

. (20)

Passing messages from the root node back to all other nodes wl, for
l 6= k, allows all other marginal distributions to be obtained. Now,
inserting β → ∞, for trees it is easy to verify that

Λ
[β→∞]
k =

1

K

K
X

k=1

Âk + τΦT
Φ (21)

and

µ
[β→∞]
k = τ

“

Λ
[β→∞]
k

”−1

Φ
T
t, (22)

which is equivalent to (7) if Âk = Â, ∀k, as we intended to show.

That is,
`

Λ
[β→∞]
k

´−1
= Σ̂ and µ

[β→∞]
k = µ̂ for all k.

4The notation N(k)\l denotes the set of all neighbors of k except l.

4.2.2. General Loopy Networks

When we consider loopy graphs G, which is appropriate for almost
any WSN, applying the sum-product algorithm leads to LBP, an it-
erative approximate inference method. Convergence of LBP cannot
be guaranteed in general, but for Gaussian LBP, as used in our case,
there exist convergence criteria [19, 20]. Unfortunately, if Gaussian
LBP converges, only the mean can be guaranteed to be correct under
the previously mentioned criteria. The latter is also the reason why
consensus propagation [17], which has a Gaussian LBP interpreta-
tion and lays the foundation for our dSBL investigations, is able to
converge to the true mean. The consensus parameter β, as described
in [17], is critical to trade off fast convergence (small β) and accurate
mean estimates (large β).

Furthermore, in loopy graphs, we need to define a schedule
in which messages are updated until convergence. Algorithm 1
presents the resulting dSBL algorithm with synchronous message
updates, where we have reformulated the messages as a function of
intermediate marginals. Although convergence to the true marginal

Algorithm 1 Distributed sparse Bayesian learning (dSBL)

Initialize: α̂k (e.g. α̂k,m = 10−1, ∀m), ∀k.

% Variational update loop

while (Not converged) do

Initialize: n = 0, Λ
(0)
uk = 0 and µ

(0)
uk = 0, ∀(u, k) ∈ E

%Message passing update loop

while (LBP not converged) do
n = n+ 1
% Compute intermediate marginals, ∀k
Λ

(n)
k

= K−1Âk + τφkφT

k
+

P

u∈N(k) Λ
(n−1)
uk

µ
(n)
k

=

“

Λ
(n)
k

”

−1“

τφktk +
P

u∈N(k) Λ
(n−1)
uk

µ
(n−1)
uk

”

% Compute messages, ∀(k, l) ∈ E

Λ
(n)
kl

=

„

“

Λ
(n)
k

− Λ
(n−1)
lk

”

−1
+ β−1I

«

−1

µ
(n)
kl

=

“

Λ
(n)
k

− Λ
(n−1)
lk

”

−1“

Λ
(n)
k

µ
(n)
k

− Λ
(n−1)
lk

µ
(n−1)
lk

”

end while

% Compute the marginals, ∀k

Σk =

“

K−1Âk + τφkφT

k
+

P

u∈N(k) Λ
(n−1)
uk

”

−1

µk = Σk

“

τφktk +
P

u∈N(k) Λ
(n−1)
uk

µ
(n−1)
uk

”

% Update hyperparameters, α̂k,m, ∀m, ∀k
α̂k,m = (2a+ 1)/(2b + µ2

k,m + Σk,mm)

end while

Compute the final marginals with LBP as before

distributions cannot be guaranteed, our empirical investigations
in Section 5 suggest performance close to cSBL at a much faster
convergence rate over the variational inference iterations.

4.3. Exploiting sparsity for efficient communication

When a hyperparameter α̂k,m diverges, or practically reaches a large
threshold θth, the basis functionm can be pruned at node k. Also the
messages, i.e. µkl and Λkl can be transmitted to all neighbors l ∈
N(k) without the irrelevant components. For more details about the
implementation of this efficient communication and how to merge
distinct sets of active basis functions between sender and receiver,
we refer the reader to [9] due to space limitations.



5. SIMULATIONS

For our simulations we define the basis functions like in RVMs, i.e.,
a bias ψ1(x) = 1 and Gaussian kernels ψm(x) = κ(x,xm−1)
for m = 2, . . . ,K + 1 centered on the sensor positions5, where
κ(x,xm−1) = exp{−θκ‖x − xm−1‖

2} with kernel parameter
θκ = 15. We randomly deploy K = 50 sensors in a d = 2 dimen-
sional area, where both coordinates lie in the interval [0, 1]. Figure 3
shows the sensor positions plus connections, where we generated the
connections by increasing the transmission radius equally for each
sensor until a connected graph was obtained. The sensor measure-
ments (targets) are generated by adding zero-mean white Gaussian
noise with variance σ2 = 10−3 to the underlying spatial function
f(x) = 0.5 sinc(5x1 − 2.5)) + 0.5 + x2. We assume τ = σ−2,
where this is only an approximation, since we neglect any possible
model mismatches. Nonetheless, this is a good choice since we do
not know how well our model fits the data in advance. Comments on
possible implementations for distributed estimation of τ are given in
Section 6. The hyperprior parameters a and b were both set to zero.

Table 1 shows a comparison of dSBL and cSBL, where we com-
pare the mean squared error (MSE), the no. of basis functions (#Bfs)
and the no. of variational inference iterations (#varIter) until the al-
gorithms converge. We define the MSE for the variational approxi-
mate predictor (cf. [6]) of (2) for cSBL as 1

Ntest

PNtest

i=1

`

f(xtest,i) −

φT
test,iµ̂

´2
, where Ntest = 104 is the number of test points xtest,i,

i = 1, . . . , Ntest which we placed on a uniform 100 × 100 grid on
the sensor deployment area. For dSBL, we have multiple MSEk, one
for each sensor, where we now use µk instead of µ̂. In this sense, we
give average and maximum numbers for MSE and #Bfs over the set
of sensors. The algorithms are considered to have converged when
the maximum absolute change of all α̂k,m or α̂m, respectively for
dSBL and cSBL, over the variational inference iterations is smaller
than 10−3. Similar, for the dSBL algorithm, we consider LBP as
converged when the maximum absolute change of all elements of

the intermediate marginal parameters µ
(n)
k andΛ

(n)
k for all sensors k

over the message iterations n to be smaller than 10−3. We denote the
final number n, after convergence, as the number of message itera-
tions (#msgIter). The average and maximum numbers for #msgIter
are obtained over the variational iterations.

The results in Table 1 are given for different pruning thresh-
olds θth and coupling parameters β. Note that cSBL only depends
on θth and not on β. Boldface numbers highlight better MSE or
sparsity performance. It is very interesting to see that when β is
large compared to θth, dSBL performes similar to cSBL but requires
much less variational inference iterations. We note that variational
cSBL is known for its slow convergence as compared to, e.g. an al-
ternative that uses implicit hyperparameter updates [5]. During all
simulations, no convergence problems occurred. As we further see
in Table 1, the max. and avg. values of MSE and #Bfs are mostly
equivalent in dSBL, which means that the network has achieved con-
sensus. When θth is large compared to some fixed β, no pruning
happens and all dSBL results are equivalent. This is because all el-
ements of α̂k quickly converge to finite values lower than θth. As
we empirically observed in our simulations, the largest values of α̂k

after convergence are at a level around βN(k), where in cSBL they
diverge towards infinity. Figure 4 shows an example of the hyperpa-
rameter evolution of one particular sensor k = 22 compared to that

5For kernel basis functions, it is assumed that each sensor knows about
the position of the others initially to be able to define the fixed basis function
set. This is not necessary for general predefined fixed basis functions, where
sensors need only information about their own position to compute φk .
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Fig. 3. Network with 50 sensors, randomly deployed.

of cSBL, where θth = 106 and β = 104. Note that sensor 22 is also
highlighted in Figure 3, where we see that N(22) = 1. Thus, the
largest hyperparameters (Fig. 4(a)) converge to a level around β.

6. CONCLUSIONS AND OUTLOOK

We have presented a distributed sparse Bayesian learning (dSBL) al-
gorithm for sensor networks. When the network graph is a tree and
the coupling parameter β → ∞, we have shown that dSBL is con-
sistent with standard centralized sparse Bayesian learning (cSBL),
where all data is available at one central location. Based on this
consistency, we have extended the algorithm for arbitrary networks
with loops, which leads to an iterative Gaussian loopy belief propa-
gation (LBP) subroutine. In this case, β becomes a crucial parameter
to trade-off LBP’s convergence speed vs. its accuracy as described
in [17]. Performance comparison of dSBL and cSBL for an exam-
ple network led to the surprising observation that for large β, dSBL
performs similar to cSBL at a much faster convergence rate over the
variational inference iterations. This convergence speed discrepancy
even increases for higher pruning thresholds.

In a future work, it would be interesting to investigate on how to
find the smallest reasonable θth for a given β. Furthermore, intensive
simulations should show if the actual superior dSBL performance in
terms of MSE and the number of basis functions as shown in Ta-
ble 1 is significant. Throughout this paper we have assumed τ to
be known. However, in cSBL it is possible to estimate τ during the
variational inference updates [6]. It would be straight forward to im-
plement this also in a distributed way using consensus algorithms
like [16, 17], since the estimator for τ−1 basically is a distributed
average of squared errors, cf. [6].
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