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ABSTRACT

In this work a new adaptive fast variational sparse Bayesian learn-
ing (V-SBL) algorithm is proposed that is a variational counterpart
of the fast marginal likelihood maximization approach to SBL. It al-
lows one to adaptively construct a sparse regression or classification
function as a linear combination of a few basis functions by mini-
mizing the variational free energy. In the case of non-informative
hyperpriors, also referred to as automatic relevance determination,
the minimization of the free energy can be efficiently realized by
computing the fixed points of the update expressions for the varia-
tional distribution of the sparsity parameters. The criteria that estab-
lish convergence to these fixed points, termed pruning conditions,
allow an efficient addition or removal of basis functions; they also
have a simple and intuitive interpretation in terms of a component’s
signal-to-noise ratio. It has been demonstrated that this interpreta-
tion allows a simple empirical adjustment of the pruning conditions,
which in turn improves sparsity of SBL and drastically accelerates
the convergence rate of the algorithm. The experimental evidence
collected with synthetic data demonstrates the effectiveness of the
proposed learning scheme.

1. INTRODUCTION

During the past decade, research on sparse signal representationshas
received considerable attention [1–5]. With a few minor variations,
the general goal of sparse reconstruction is to optimally estimate the
parameters of the following canonical model:

t = Φw + ξ, (1)

wheret ∈ R
N is a vector of targets,Φ = [φ1, . . . ,φL] is a design

matrix withL columns corresponding to basis functionsφl ∈ R
N ,

l = 1, . . . , L, andw = [w1, . . . , wL]
T is a vector of weights that

are to be estimated. The additive perturbationξ is typically assumed
to be a white Gaussian random vector with zero mean and covariance
matrixΣ = τ−1I, whereτ is a noise precision parameter. Impos-
ing constraints on the model parametersw is key to sparse signal
modeling [3].

In sparse Bayesian learning (SBL) [2, 4, 6] the weightsw are
constrained using a parametric prior probability density function
(pdf) p(w|α) = N(w|0, diag(α)−1), with the prior parameters
α = [α1, . . . , αL]

T , also called sparsity parameters, being inversely
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proportional to the width of the pdf. Naturally, a large value ofαl

will drive the corresponding weightwl to zero, thus encouraging a
solution with only a few nonzero coefficients.

In the relevance vector machine (RVM) approach to the SBL
problem [2] the sparsity parametersα are estimated by maximizing
the marginal likelihoodp(t|α, τ) =

∫

p(t|w, τ)p(w|α)dw, which
is also termed model evidence [2, 6]; the corresponding estimation
approach is then referred to as the Evidence Procedure (EP) [2]. Un-
fortunately, the RVM solution is known to converge rather slowly
and the computational complexity of the algorithm scales asO(L3)
[2,7]; this makes the application of RVMs to large data sets imprac-
tical. In [7] an alternative learning scheme was proposed to alleviate
this drawback. This scheme exploits the structure of the marginal
likelihood function to accelerate the maximization via a sequential
addition and deletion of candidate basis functions, thus allowing ef-
ficient implementations of SBL even for “very wide” matricesΦ.

An alternative approach to SBL is based on approximating the
posteriorp(w, τ,α|t) with a variational proxy pdfq(w, τ,α) =
q(w)q(τ)q(α) [8] such as to minimize the variational free energy
[9]. There are several advantages of the variational solution to SBL
as compared to that proposed in [2] and [7]: first, the distributions
rather than point estimates of the unobserved variables can be ob-
tained. Second, the variational approach to SBL allows one to ob-
tain analytical approximations to the distributions of interest even
when exact inference of these distributions is intractable. Finally,
the variational methodology provides a general tool for inference on
graphical models that represent extensions of (1), e.g., different pri-
ors, parametric design matrices, etc. Unfortunately, the variational
approach in [8] is equivalent to RVM in terms of estimation com-
plexity and rate of convergence. Also, due to the nature of the vari-
ational approximation, it is no longer possible to exploit the struc-
ture of the marginal likelihood function to implement the learning
more efficiently: the pdfsq(α) andq(τ) are estimated such as to
approximate the true posterior pdfs, thus obscuring the structure of
the marginal likelihood that was exploited in [7].

Nonetheless, it can be shown [10] that by computing the fixed
points of the update expressions for the variational parameters of
q(α) one can establish a dependency between the optimum of the
variational free energy and a sparsity parameter of a single basis
function φl. Our goal in this paper is to extend these results by
constructing a fast adaptive variational SBL scheme that can be used
to implement adaptive SBL by allowing deletion and addition of new
basis functions. We show that the criteria that guarantee the conver-
gence of a sparsity parameter for a basis function, which we term
the pruning condition, can be used either to prune or to add new ba-
sis functions. The computation of the pruning conditions requires
knowing only the target vectort and the posterior covariance matrix
of the weightsw. Moreover, the proposed adaptive scheme requires
only O(L2) operations for adding or deleting a basis function. We



also show that, when adding a new basis function to the model, the
fixed points of V-SBL also maximize the marginal likelihood func-
tion. However, in contrast to the pruning conditions used in [7], our
conditions have a simple interpretation that allows constructing a
sparse representation that guarantees a certain desired quality of the
estimated components in terms of their individual signal-to-noise ra-
tios (SNRs).

Throughout the paper we shall make use of the following nota-
tion. Vectors and matrices are represented as respectively boldface
lowercase letters, e.g.,x, and boldface uppercase letters, e.g.,X.
For vectors and matrices(·)T denotes the transpose. The expres-
sion [B]lk denotes a matrix obtained by deleting thelth row and
kth column from the matrixB; similarly, [b]l denotes a vector ob-
tained by deleting thelth element from the vectorb. With a slight
abuse of notation we will sometimes refer to a matrix as a set of
column vectors; for instance we writea ∈ X to imply thata is a
column inX, andX \ a to denote a matrix obtained by deleting
the column vectora ∈ X. We useel = [0, . . . , 0, 1, 0, . . . , 0]T

to denote a canonical vector of appropriate dimension. Finally, for
a random vectorx, N(x|a,B) denotes a multivariate Gaussian pdf
with meana and covariance matrixB; similarly, for a random vari-
ablex, Ga(x|a, b) = ba

Γ(a)
xa−1 exp(−bx) denotes a gamma pdf

with parametersa andb.

2. VARIATIONAL SPARSE BAYESIAN LEARNING

For the purpose of further analysis let us assume that we have a dic-
tionaryD of some potential basis functions.D is assumed to consist
of an active dictionaryΦ used in (1) and a passive dictionaryΦC

such thatD = Φ ∪Φ
C andΦ ∩Φ

C = ∅.

In SBL it is assumed that the joint pdf of all the variables fac-
tors asp(w, τ,α, t) = p(t|w, τ)p(w|α)p(α)p(τ) [2, 4, 6]. Under
the Gaussian noise assumption,p(t|w, τ) = N(t|Φw, τ−1I).
The sparsity priorp(w|α) is assumed to factor asp(w|α) =
∏L

l=1 p(wl|αl), wherep(wl|αl) = N(wl|0, α
−1
l ). The choice of

the priorp(τ) is arbitrary in the context of this work; a convenient
choice would be a gamma distribution due to conjugacy properties,
e.g.,p(τ) = Ga(τ |c, d). The priorp(αl), also called the hyperprior
of the lth component, is selected as a gamma pdfGa(αl|al, bl).
We will however consider an automatic relevance determination
scenario, obtained whenal = bl = 0 for all components; this choice
renders the hyperpriors non-informative [2,6].

The variational solution to SBL is obtained by finding an
approximating pdfq(w,α, τ) = q(w)q(τ)

∏L

k=1 q(αk), where
q(w) = N(w|ŵ, Ŝ), q(αl) = Ga(αl|âl, b̂l), andq(τ) = Ga(τ |ĉ, d̂)
are the variational approximating factors. With this choice of
q(w,α, τ) the variational parameters{ŵ, Ŝ, ĉ, d̂, â1, b̂1, . . . , âL, b̂L}
can be found in closed form as follows [8]:

Ŝ =
(

τ̂ΦT
Φ+ diag(α̂)

)

−1

, ŵ = τ̂ ŜΦ
T
t (2)

âl = al + 1/2, b̂l = bl + 1/2(|ŵl|
2 + Ŝll), (3)

ĉ = c+
N

2
, and d̂ = d+

‖t−Φŵ‖2 +Trace(ŜΦ
T
Φ)

2
, (4)

whereτ̂ = Eq(τ){τ} = ĉ/d̂, α̂l = Eq(αl){αl} = âl/b̂l, ŵl is the
lth element of the vector̂w, andŜll is thelth element on the main
diagonal of the matrix̂S.

2.1. Adaptive fast variational SBL

Although expressions (2)-(4) reduce to those obtained in [2] when
the approximating factorsq(τ) andq(αl) are chosen as Dirac mea-
sures on the corresponding domains1, they do not reveal the structure
of the marginal likelihood function that leads to an efficient SBL al-
gorithm in [7]. Nonetheless, an analysis similar to [7] can be per-
formed by computing the fixed points of the update expression for
the variational parameters of a single factorq(αl) [10]. In [10] we
have shown that, for a given basis functionφl ∈ Φ, the sequence of
estimates{α̂[m]

l }
M
m=1, obtained by successively updating pdfsq(w)

andq(αl), converges to the following fixed point̂α[∞]
l asM →∞:2

α̂
[∞]
l =

{

(ω2
l − ςl)

−1 ω2
l > ςl

∞ ω2
l ≤ ςl

, (5)

whereςl andωl are the pruning parameters defined as

ςl = (τ̂φT
l φl − τ̂2

φ
T
l ΦlŜlΦ

T

l
φl)

−1, (6)

ω2
l = (τ̂ ςlφ

T
l t− τ̂2ςlφ

T
l ΦlŜlΦ

T

l
t)2. (7)

The parametersςl andω2
l depend onΦl = Φ \ φl, α̂l = [α̂]l, and

Ŝl = (τ̂ΦT

l
Φl + diag(α̂l))

−1 =

[

Ŝ −
Ŝele

T
l Ŝ

eT
l Ŝel

]

ll

, (8)

where (8) is the posterior covariance matrix of the weights obtained
when the basis functionφl is removed fromΦ. The result (5) pro-
vides a simple criterion for pruning a basis function from the active
dictionary: a finite value of̂α[∞]

l instructs us to keep thelth compo-
nent in the model since it should minimize the free energy, while the
infinite value ofα̂[∞]

l indicates that the basis functionφl is superflu-
ous. It can be shown [10] that the test parametersω2

l andςl are the
squared weight of the basis functionφl and the weight’s variance
computed when̂αl equals zero – a fact that will become more evi-
dent later when we consider an inclusion of a basis function in the
active dictionary. The pruning test is applied sequentially to all the
basis functions in the active dictionaryΦ to determine which com-
ponents should be pruned. Algorithm 1 summarizes the key steps of
this procedure. For further details we refer the reader to [10].

Algorithm 1 A test for a deletion of a basis functionφl ∈ Φ

function TestComponentPrune(l)
Computeςl from (6) andω2

l from (7)
if ω2

l > ςl then
∆α̂l ← ((ω2

l − ςl)
−1 − α̂l);

Ŝ ← Ŝ −
Ŝele

T

l
Ŝ

∆α̂
−1
l

+eT

l
Ŝel

, α̂l ← (ω2
l − ςl)

−1

else
Ŝ ← Ŝl, α̂← [α̂]

l
, ΦC ← [ΦC ,φl], Φ← Φ \ φl

end if

It is natural to ask whether this scheme can be made fully adap-
tive by also allowing inclusion of new basis functions from the pas-
sive dictionaryΦC . Let us assume that at some iteration of the al-

1In [2] the posterior pdf of the weightsw is Gaussian; its parameters
coincide with the variational parameters ofq(w) in (2).

2Notice that sinceal = bl = 0, the parameters ofq(αl) in (3) can be
specified aŝal = 1/2 andb̂l = 1/(2α̂l), whereα̂l = 1/(ŵ2

l
+ Ŝll) . Thus,

it makes sense to study the fixed point of the variational update expressions
in terms ofα̂l, rather than in terms of̂al andb̂l.



gorithm we haveL basis functions in the active dictionaryΦ and an
estimate ofŜ and α̂. Our goal is to test whether a basis function
φL+1 ∈ Φ

C should be included inΦ.
Assume for the moment thatφL+1 is in the active dictionary

and thatΦL+1 = [Φ,φL+1], α̂L+1 = [α̂T , α̂L+1]
T andŜL+1 =

(τ̂ΦT
L+1ΦL+1 + diag(α̂L+1))

−1 are available. Then we can com-

puteα̂[∞]
L+1 from (5) and determine whether the basis functionφL+1

should be kept in the model. This can be done efficiently using only
the current active dictionaryΦ and the corresponding covariance
matrix Ŝ. First, consider a matrixSL+1 obtained fromŜL+1 by
settingα̂L+1 = 0:

SL+1 =

(

τ̂ΦT
Φ+ diag(α̂) τ̂ΦTφL+1

τ̂φT
L+1Φ τ̂φT

L+1φL+1

)

−1

=

(

X−1
L+1 −τ̂ ŜΦ

TφL+1y
−1
L+1

−τ̂ y−1
L+1φ

T
L+1ΦŜ y−1

L+1

)

,

(9)

whereXL+1 = Ŝ
−1
− τ̂ΦTφL+1(φ

T
L+1φL+1)

−1φT
L+1Φ and

yL+1 = τ̂φT
L+1φL+1 − τ̂2

φ
T
L+1ΦŜΦ

T
φL+1. (10)

By comparing (6) and (10) we immediately notice thatςL+1 =
y−1
L+1, which is the variance of the weight forφL+1 whenα̂L+1 = 0.

Thus,ω2
L+1 can be computed fromΦL+1 andSL+1 as

ω2
L+1 = e

T
L+1(τ̂SL+1Φ

T
L+1t)(τ̂SL+1Φ

T
L+1t)

T
eL+1. (11)

By substituting (9) into (11) and simplifying the resulting expression
we finally obtain

ω2
L+1 = (τ̂ ςL+1φ

T
L+1t− τ̂2ςL+1φ

T
L+1ΦŜΦ

T
t)2, (12)

which is identical to (7) with an exception that (12) uses a new basis
functionφL+1, a current design matrixΦ and a weight covariance

matrix Ŝ. Once the test parametersω2
L+1 andςL+1 are computed,

we can test if the basis functionφL+1 should be included in the ac-
tive dictionaryΦ. It should be mentioned that in [7] the authors com-
pute parametersqL+1 andsL+1 that maximize the marginal likeli-
hood function (see Eq. (19) in [7]). In fact, it is easy to notice
that the expressions forω2

L+1 in (12) andςL+1 = y−1
L+1 in (10) co-

incide respectively with theq2L+1/s
2
L+1 ands−1

L+1. Consequently,
the corresponding pruning test and the value of the sparsity param-
eter coincide. In the case of pruning an existing basis function the
relationship is not that straightforward; nonetheless, the simulation
results indicate that the both adaptive schemes achieve almost iden-
tical performance in terms of the mean squared error and the sparsity
of the estimated models.

In case when the new basis function is accepted, the weight co-
variance matrix has to be updated as well. Luckily this can be done
quite simply as follows:

ŜL+1 =







X̆
−1

L+1 −τ̂
ŜΦ

TφL+1

α̂
[∞]
L+1

+yL+1

−τ̂
φT

L+1ΦŜ

α̂
[∞]
L+1

+yL+1

(α̂
[∞]
L+1 + yL+1)

−1






, (13)

whereX̆L+1 = Ŝ
−1
−

τ̂ΦTφL+1φ
T

L+1Φ

α̂
[∞]
L+1

+φT

L+1
φL+1

. The inverse of a Schur

complementX̆L+1 can be computed efficiently using a rank-one
update [11].

In Algorithm 2 we summarize the main steps of this procedure.

Observe that the conditions for adding or deleting a basis function

Algorithm 2 A test for an addition of a basis functionφL+1 ∈ Φ
C

function TestComponentAdd(φL+1)
ComputeςL+1 = y−1

L+1 from (10) andω2
L+1 from (12)

if ω2
L+1 > ςL+1 then
α̂
[∞]
L+1 ← (ω2

L+1 − ςL+1)
−1; α̂← [α̂T , α̂

[∞]
L+1]

T

Φ← [Φ,φL+1]; Φ
C ← Φ

C \ φL+1; updateŜ from (13)
else

RejectφL+1

end if

depend exclusively on the measurementt and the matrix̂S that es-
sentially determines how well a basis function “aligns” or correlates
with the other basis functions in the active dictionary.

Notice that the ratioω2
l /ςl can be interpreted as an estimate of

the component signal-to-noise ratio3 SNRl = ω2
l /ςl [10]. Thus,

SBL prunes a component if its estimated SNR is below0dB. This
interpretation allows a simple adjustment of the pruning condition
as follows:

ω2
l > ςl × SNR′, (14)

whereSNR′ is the adjustment SNR. This modified pruning condi-
tion (14) can be used both when adding as well as when pruning
components. Such adjustment might be of a practical interest in sce-
narios for which the true SNR is known and the goal is to delete spu-
rious components introduced by SBL due to the “imperfection” of
the Gaussian sparsity prior or when we wish a sparse estimator that
guarantees a certain quality of the estimated components in terms of
their SNRs.

2.2. Implementation aspects

Variational inference typically requires choosing initial values for
the variational parameters ofq(w,α, τ). Obviously, the adaptive
ability of the algorithm can be exploited to recover the initial factor-
ization by assumingΦ = ∅, andΦC = D and selecting the initial
value of the noise precision̂τ . The algorithm sequentially adds com-
ponents using Alg. 2 and prunes irrelevant ones using Alg. 1. The
pdfsq(w) andq(τ) can be re-computed from (2) and (4) at any stage
of the algorithm. It is important to mention that the order in which
basis functions are added from the passive dictionary influences the
final sparsity of the algorithm, which, as has been pointed out in [7],
is related to the greediness of the fast SBL method. In our imple-
mentation of the fast adaptive V-SBL algorithm we rank all the com-
ponents inΦC by pre-computing their sparsity parametersα̂l and
begin the inclusion with those basis functions that have the smallest
value ofα̂l, i.e, those functions that are best aligned with the mea-
surementt. Also notice that updatingq(τ) requires re-computinĝS,
which requiresO(L3) operations.

3. SIMULATION RESULTS

In this section we compare the performance results of the fast adap-
tive V-SBL with the standard RVM algorithm [2], the fast marginal
likelihood maximization method [7], and fast adaptive variational
SBL with an SNR-adjusted threshold, via simulations. The standard
RVM scheme is non-adaptive; we thus assume that all the available

3To gain some intuition into why this is so consider (9) and (11)when
L = 0 andΦ = ∅.



basis functions are included in the active dictionary. Note that the
standard RVM algorithm requires one to specify a threshold for the
hyperparameterŝαl, ∀l, to “detect” the divergence of the hyperpa-
rameter values. Obviously, this affects the performance of the stan-
dard RVM algorithm. In order to simplify the analysis of the simu-
lation results we assumed the varianceτ̂−1 of the noise to be known
in all simulations. For all compared algorithms the same conver-
gence criterion is used: an algorithm stops when (i) the number of
basis functions between two consecutive iterations has stabilized and
when (ii) theℓ2-norm of the difference between the values of hyper-
parameters at two consecutive iterations is less than10−4.

To test the algorithms we use basis functionsφk ∈ R
N , k =

1, . . . ,K, generated by drawing samples from a multivariate Gaus-
sian distribution with zero mean and covariance matrixI, and a
sparse vectorw with L = 10 nonzero elements equal to1 at ran-
dom locations. With this setting we aim to test how the algorithm’s
pruning mechanism performs when the exact sparsity of the model
is known. We setN = 100 andK = 200. The target vectort
is generated according to (1). The performance of the tested algo-
rithms, averaged over100 independent runs, is summarized in Fig. 1.
For adaptive algorithms each iteration corresponds to two steps: 1)
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Fig. 1. SBL performance. (a) Normalized mean-square error
(NMSE) versus the signal to noise ratio (SNR); (b) the estimated
number of components versus the SNR; (c) the estimated number of
components versus the number of iterations for SNR=30dB.

adding components from the passive dictionary and 2) removing
components from the active dictionary. As we see in Fig. 1(a) and
1(b) the variational SBL with adjusted pruning condition (14) out-
performs the other estimation methods in terms of normalized mean-
square error (NMSE) as well as in terms of the number of estimated
components. In fact, it is able to recover the true model sparsity for
SNR > 10dB. The standard RVM recovers the true model spar-
sity only forSNR > 40dB with a pruning threshold104; increas-
ing this threshold leads to an over-estimation of the true sparsity.
In Fig. 1(c) we plot the convergence rate of the algorithms for the
SNR = 30dB. Here the variational SBL with SNR-adjusted prun-
ing is also a clear winner, reaching the stopping criterion in less
than10 iterations. Note, however, that both the fast variational SBL
algorithm without the SNR-adjusted pruning and the fast marginal

likelihood maximization algorithm exhibit very fast convergence;
nonetheless they tend to overestimate the true model sparsity, as seen
from Fig. 1(b).

4. CONCLUSION

In this work a fast adaptive variational Sparse Bayesian Learning
(V-SBL) framework has been considered. The fast V-SBL algorithm
optimizes a variational free energy with respect to variational param-
eters of the pdf of a single component. The fixed points of sparsity
parameter update expressions as well as conditions that guarantee
convergence to these fixed points – pruning conditions – have been
obtained in a closed form. This significantly improves the conver-
gence rate of V-SBL. The pruning conditions also reveal the rela-
tionship between the performance of SBL in terms of the number
of estimated components and a measure of SNR. This relationship
enables an empirical adjustment that allows inclusion of the compo-
nents that guarantee a predefined quality in terms of their individ-
ual SNRs. Setting the adjustment parameter to the true SNR allows
extraction of the true sparsity in simulated scenarios. Simulation
studies demonstrate that this adjustment further accelerates the con-
vergence rate of the algorithm.
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