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Abstract—This paper presents the capacity-achieving input
distribution of an energy detection receiver structure. A proper
statistical model is introduced which makes it possible to treat
the energy detector as a constrained continuous communication
channel. To solve this non-linear optimization we used the Blahut-
Arimoto algorithm extended with a particle method, so that also
continuous channels can be handled. To get a better convergence
behavior of the algorithm, we also implement two new methods,
which are called “fuse particles” and “kick particles” [1]. The
results we present show that the capacity of the energy detector
decreases with increasing integration time and decreasingpeak-
to-average power ratio. It is shown that the capacity-achieving
input distribution is discrete with a finite number of mass points.

I. I NTRODUCTION

The increasing interest in UWB systems in the recent past
arises from the benefits of large bandwidth which offer the
possibility of extremely high data rate, high-accuracy ranging
and positioning in indoor environments, and robustness against
multipath fading. Especially high accuracy-positioning and
tracking are growing fields of interest. The very high sampling
rate and the elaborate processing tasks, being a consequence
of the large signal bandwidth, render the implementation of
coherent receivers extremely complex. Contrary to coherent
receivers, non-coherent receivers like the energy detector are
low-complexity but sub-optimum alternatives with reasonably
lower power consumption, so that they became an interesting
topic of research in this domain [2].

In this paper, the energy detector is analyzed from an
information-theoretical point-of-view in order to find thechan-
nel capacity and the capacity-achieving input distribution. For
this purpose, a statistical model of the energy detector is
needed [3], [4], which describes the whole system from the
input to output as a memoryless channel. In order to compute
the capacity and the corresponding optimal input distribution,
the so-called Blahut-Arimoto algorithm [5] was combined with
a particle method [6], [7], so the algorithm becomes applicable
to continuous memoryless channel with input constraints.

If there exist constraints on the average power (AP) and/or
the peak amplitude (PA) of the input distribution, the capacity-
achieving input distributions can be discrete, with an infi-
nite or a finite number of mass points, depending on the
communication channel. Already in 1971 Joel G. Smith (as
quoted in [8]) delivered the proof that the capacity of a
scalar additive white Gaussian noise channel with AP and PA
constraint is achieved by a discrete input distribution with a
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Fig. 1. Energy Detection Architecture

finite number of mass points. Furthermore, according to [9]
many non-linear channels with at least an AP constraint have
a discrete optimal input alphabet with an infinite or a finite
number of mass points, depending on the non-linearity. In [10]
and [8] a statistical model for an optical intensity channelis
proposed, which is very similar to our model of the energy
detector. Further it was shown that such Gaussian channels
with signal-dependent noise variance, also have also a discrete
and finite optimal input alphabet, if an AP and PA constraint
is considered.

The remainder of this paper is organized as follows: Sec-
tion II presents the signal model of the energy detector, its
statistical model and an approximation model are found in
Section III. Section IV shortly introduces the used algorithm to
calculate the channel capacity and the corresponding achieving
input distribution of memoryless constrained continuous chan-
nels. Finally, in Section V the simulation results are presented
and discussed.

II. SIGNAL MODEL

Fig. 1 shows the energy detector, where the received signal
is first filtered, squared, integrated over the integration time
TI, and afterwards sampled at symbol periodTI. Let r(t) =
x(t) + η(t), wherex(t) is the transmitted signal convolved
with the transmission channel impulse response andη(t) is
zero-mean Gaussian noise with power spectral density (PSD)
N0/2. So we get the output signal of the energy detector as

y[m] =

∫ (m+1)TI

mTI

(

x(t) + η(t)

)2

dt. (1)

According to Urkowitz [3] a sampled function with duration
TI and filtered with bandwidthWrx can be approximated by a
finite sum ofM = 2TIWrx sampled terms, whereM is called
noise dimensionality. In the case of a low-pass process the
signal is sampled at times1/ (2Wrx) apart. For simplicity, a
rectangular baseband-filter is considered with bandwidthWrx.



The filtered noise signalη(t) can be expressed as

η(t) =

∞
∑

n=−∞

η[n]sinc(2Wrxt − n), (2)

whereη[n] = η (n/ (2Wrx)). Under these considerations, the
noise samplesη[n] are independent and identically distributed
(iid) Gaussian random variables (RV) with zero-mean and
varianceσ2 = N0Wrx. The signalx(t) can be expressed in the
same manner. By the fact that thesinc-functions at different
time-steps are orthogonal, we can write for the output signal
y[m] of the energy detector [3]

y[m] =

(m+1)TI
∫

mTI

(

∞
∑

n=−∞

(x[n] + η[n]) sinc(2Wrxt − n)

)2

dt

≈
1

2Wrx

M
∑

n=1

(

x[(m + 1)M − n] + η[(m + 1)M − n]
)2

=
1

2Wrx

M
∑

n=1

r2[(m + 1)M − n]. (3)

The signalx[n] for pulse amplitude modulation (PAM) is
expressed as

x[n] =
∑

k

zkp̃

(

n

2Wrx
− kTI

)

=
∑

k

zkp̃ [n − kM ] (4)

wherezk are the transmitted symbols with the time-indexk
andp̃(t) = p(t)⋆h(t) is the unit energy signal pulse convolved
with the channel impulse responseh(t). It is assumed that
1/(2Wrx)

∑M−1
n=0 p̃2[n] ≈

∫ TI

0
p̃2(t)dt = 1 and p̃(t) = 0 for

t /∈ [0, TI].

III. STATISTICAL MODEL

A. Non-central X 2 model

The filtered received signalr[n] is modeled as independent
RVs with distributionN

(

x[n], σ2
)

. It is well known that the
sum of equal variance, squared Gaussian RVs can be repre-
sented by a non-centralX 2

M

(

λ[m]
)

-distribution that is defined
by two parameters. Its degrees of freedom is specified by the
noise dimensionalityM and the non-centrality parameterλ[m]
is calculated from the squared meansx[n] of the signalr[n],
as

λ[m] =

M
∑

n=1

x2[(m + 1)M − n]

σ2

=

M
∑

n=1

∑

k z2
kp̃2 [(m + 1)M − kM − n]

WrxN0
=

2z2
m

N0
(5)

wherez2
m is the energy of themth transmitted symbol.

We will now treat the system fromzm to y[m] as a
stationary and memoryless channel andzm as an instance
of the iid RV Z : Ω →

{√

Es1
,
√

Es1
· · · ,

√

EsK

}

, where
K is the number of symbols in the alphabet, i.e. number of
mass points andP [Z =

√

Esi
] = pi is the probability that

the ith symbol from the modulation alphabet occurs, so that

we simply can, with no loss of generality, suppress the time-
indexm. The average energy1 of the modulation alphabet can
be calculated byEs = E

{

Z2
}

=
∑K

i=1 Esi
pi and the PA,

i.e. the maximum amplitude at the transmitter side is given
by A = maxi

√

Esi
. The corresponding channel transition

probability density function (PDF) is therefore the non-central
X 2-distribution conditioned on the input modulation symbols
z and with the channel outputy, so that we can write

P
(X 2)
Y |Z (y|z, M) ∼ X 2

M (λ) = X 2
M

(

2z2

N0

)

. (6)

The mean and the variance of the conditioned outputy are
given by

EY {y|z} = M + λ = M +
2z2

N0
(7)

varY {y|z} = 2 (M + 2λ) = 2M + 4
2z2

N0
. (8)

These results show that both the mean and the variance of
the output signaly of the energy detector increase with the
noise dimensionalityM and with the energy of the modulation
symbolsz.

B. Gaussian approximation model

To simplify the channel model for further tasks, the exact
statistical model of the energy detector can be approximated by
a Gaussian distribution. If the noise dimensionalityM is large
enough, the non-centralX 2-distribution can be approximated
by a Gaussian PDF with a signal-dependent variance and mean
(similar model as in [8], [10]). This fact holds because of the
central limit theorem, which says that the sum of a sufficiently
large number of independent identically distributed RVs will
be approximately normal distributed.

By taking over the variance and the mean for the non-central
X 2-distribution, the corresponding Gaussian approximationof
the channel transition PDF can be written as

P
(Gauss)
Y |Z (y|z, M) ∼ N

(

M +
2z2

N0
, 2M + 4

2z2

N0

)

. (9)

Figure 2 shows that for increasingM the Gaussian model
coincides better with the non-centralX 2 model.

IV. CHANNEL CAPACITY OF CONSTRAINED CONTINUOUS

CHANNELS

A. Channel Capacity

The mutual information, in bits/channels use, between the
input Z ∈ Z and outputY ∈ Y alphabet, for a given channel
transition PDF is given as [11]

I(Z; Y ) =

∫

z∈Z

∫

y∈Y

p(z)p(y|z) log
p(y|z)

p(y)
dzdy (10)

wherep(z) is the PDF of the input alphabet,p(y) the PDF of
the output alphabet, andp(y|z) is the channel transition PDF.

1Due to the fact that the average power and average energy are simply
related by the symbol rate, we use the term average power thatis common
in related literature.
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Fig. 2. Non-centralX 2 (black dashed line) channel transition PDF and
Gaussian approximation transition PDF (red solid line) forM = 8 andM =

64 andλ = 1.

The maximum of the mutual information, i.e. the maximum
data rate that can be conveyed with an arbitrarily small error
probability over the channel, is the channel capacity, which
can be written as [11]

C = sup
p(z)∈PR

I(Z; Y ) (11)

wherePR is the set of all input PDFs supported on the set
R of real numbers. If the input alphabet is constrained in the
AP and the PA, then the set of input distributionsp(z) over
which the maximization is done, has to be restricted. The new
set which includes the constraints has the following structure
[5] , [7]:

PR(Es, A) =

{

p : [0, A] → [0,∞] :

∫

z∈Z

p(z)dz = 1;

∫

z∈Z

p(z)z2dz ≤ Es

} (12)

Where Es and A are certain numbers, which constrain the
AP and the PA of the input alphabet. For given constraints
Es, A, a given noise varianceσ2, and a given channel PDF
p(y|z) this non-linear optimization problem can be solved by
numerical optimization methods.

B. The Algorithm

To solve such non-linear optimization problem, the Blahut-
Arimoto algorithm [5] was extended with a particle method
based on [6], [7]. To skirt the original infinite-dimensional
optimization problem and reduce it to a finite-dimensional one,
the continuous input distributionp(z) is reduced to a finite list
of N particles

PZ = {(ẑ1, w1), (ẑ2, w2), . . . , (ẑN , wN )} (13)

wherew = {w1, . . . , wN} are the weights, i.e. the probabil-
ities of the particles, and̂z = {ẑ1, . . . , ẑN} are the positions
of the particles. So we get the following finite-dimensional

equation to optimize

C(A, Es) = max
ẑ,w

I(ẑ, w) = max
ẑ,w

N
∑

i=1

wiD(p(y|ẑi)||p(y))

(14)
where D(p(y|ẑi)||p(y)) =

∫

y∈Y
p(y|ẑi) log p(y|ẑi)

p(y) dy is the
Kullback-Leibler divergence of the channel transition PDF
p(y|ẑi) and the output distributionp(y). The corresponding
output distributionp(y) is given by the channel transition PDF
p(y|z), sampled on the particle positionsẑi and the appearing
weights wi of the particles,p(y) =

∑N

i=1 wip(y|ẑi). The
remaining integral in the mutual information over the output
distributionp(y) may be evaluated numerically or by Monte-
Carlo integration. A fact is, that the mutual information is
concave with respect to the set of input distributionsp(z) for
a fixed channel transition PDFp(y|z), whereasI(ẑ, w) is non-
convex with respect to the postionsẑi and weightswi of the
particles [11]. Due to that, the algorithm is separated in two
alternating maximization steps [6], [7]:

1) W-step: The weightswi are optimized to maximize the
mutual information while the positionŝzi are kept fixed.
This is carried out by the Blahut-Arimoto algorithm.

2) X-step: The positionsẑi are selected so that the
Kullback-Leibler divergenceD(p(y|ẑi)||p(y)) between
the channel transition PDF and the output distribution is
maximized. This selection of the positions can be done
by applying a gradient method.

Important is that the AP constraint and the PA constraint
imposed to the input distribution of the modulation alphabet
p(z) are considered in both steps. This means that the cost-
function, i.e. the mutual information which has to be maxi-
mized, includes also the constraints, weighted with Lagrangian
multipliers.

The W-step and the X-step are iterated until afterq
iterations the gap between the upper boundU (q) =
maxẑ D(p

(

y|ẑ(q)||p(y)(q)
)

and the lower boundI(q) =
∑N

i=1 w
(q)
i D

(

p(y|ẑ
(q)
i )||p(y)(q)

)

of the channel capacity

C(A, Es) is sufficiently small [1], [7], i.e. if

U(q) − I(q) ≤ ǫ (15)

whereǫ is a “small” positive real number, e.g.ǫ = 10−6.
In [8] the capacity-achieving input distribution under an

AP and a PA constraint is studied for conditionally Gaussian
channels, with input-dependent mean and, in general, input
signal-dependent covariance. The paper shows that optical
Gaussian channels with signal-dependent noise variance and
AP and PA constraints have a discrete input distribution with a
finite number of mass points. Due to the fact that the Gaussian
approximation model of the energy detector is very similar,we
also expect a discrete input distribution with a finite number of
mass points, so that the optimization problem can be exactly
solved by using a finite list of particle.

Because of this, we can reduce the computation time of the
algorithm by discarding particles which have very low weights
w, and fusing particles if their positionŝz are close enough to



one another. This methods to improve the convergence of the
algorithm are called “kick particles” and “fuse particles”[1].
Important is that the number of initial particles is large enough
so that every mass point of the optimal alphabet can be found.
Furthermore, the threshold for discarding particles should not
be too large, otherwise we might discard particles which could
be relevant for the capacity-achieving input distribution. In
almost the same manner we would adulterate the achieving
input distribution, if we chose the threshold for fusing too
large.

If the upper and the lower bounds are sufficiently close
after q iterations, the mutual informationI(q) represents a
good estimate of the channel capacity and the list of par-
ticles P

(q)
Z =

{

(ẑ
(q)
1 , w

(q)
1 ), . . . , (ẑ

(q)
K , w

(q)
K )
}

represents the
capacity-achieving probability mass function (PMF) of the
modulation alphabet, whereK is the number of modulation
symbols, i.e. mass points.

V. SIMULATIONS AND RESULTS

Due to the fact that already forM = 8 both models match
well (Fig. 2) and our simulations are done forM ≥ 16, it was
sufficient to do all simulations only for the Gaussian model2.

For the simulations the ratio of the signal energyEs

to the noise spectral densityN0/2 was chosen as variable
parameter, which is a convenient definition of the SNR.
The AP constraint is defined asE

{

Ẑ2
}

≤ Es. The re-
lation between the squared PA and the AP is given by
the peak-to-average-power ratio (PAPR)ρ = A2/Es. The
PA constraint is given byPr [0 ≤ ẑi ≤ A] = 1. The al-
gorithm starts with an initial list of mass pointsP(0)

Z =
{

(ẑ
(0)
1 , w

(0)
1 ), (ẑ

(0)
2 , w

(0)
2 ), . . . , (ẑ

(0)
N , w

(0)
N )
}

with uniformly

distributed weightsw(0)
i = 1

N
and uniform spacing between

the mass points so that̂z(0)
i = iA/N , whereN , the number

of initial particles, has to be sufficiently large. For the simula-
tions, we use 100 particles and every main iteration consists of
2000 Blahut-Arimoto iterations and 30 gradient ascent update
steps. The convergence parameter is chosen to beǫ = 10−6.

Figure 3 shows the capacity for differentM values over
a wide range ofEs/N0. The capacity is getting smaller with
increasing noise dimensionalityM , because more noise energy
is accumulated. Figure 4 shows the capacity forM = 64 and
for different values of PAPRρ over a wide range ofEs/N0.
The capacity is getting higher by increasingρ. This can be
explained by the fact that for constantEs/N0, i.e. constant AP
constraint, an increasingρ leads to a higher allowed maximum
amplitude, so that the distance between the symbols is getting
larger and so that those are better separable.

Figure 5 shows the positions of the mass points of the
capacity-achieving input distribution overEs/N0. First, the
figure suggests that the achieving input distribution is discrete
and has always a mass points at zero amplitude and maximum
amplitude. The simulation results for the optical intensity

2It is noteworthy that the algorithm also works for the non-central X 2-
distribution, but the simulation times are much longer.
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channel in [8] confirm these properties of the optimal input
distribution. Another fact is that the number of appearing mass
points is monotonically non-decreasing with increasingEs/N0

to achieve the according capacity.
There are two ways new mass points can appear if the

Es/N0 increases: First, a new mass point can appear apart
from the other mass points with a low probability or, second,
an existing mass point with relatively high probability canbe
split up into two new mass points with low probabilities. This
characteristic of the probability of the mass points over the
Es/N0 is shown Fig. 6.

Examples of capacity-achieving input distribution after the
first Blahut-Arimoto cycle and after the upper and lower bound
are sufficiently close are shown in Fig. 7. Forρ > 2 the AP
is always active and the probabilities of the mass points with
higher amplitudes show decreasing weights. This behavior is
not strict, because when new mass points appear, mass points
with higher amplitude could have a higher probability than
some with a lower amplitude. Another interesting fact is that
the probability of the two remaining mass points at lowEs/N0

does not change. (ForM = 64 andρ = 5 the optimal distribu-
tion for smallEs/N0 values isp(z) = 0.8δ(z)+0.2δ(z−A).)
For ρ ≤ 2 the distribution of the mass points shows the
tendency to be “tub-shaped”. In this case, if the AP constraint
is not active, the probabilities of the two remaining mass
points at lowEs/N0 is changing with theEs/N0. The optimal
distribution is approximatelyp(z) ≈ 0.5δ(z) + 0.5δ(z − A),
but the probabilities show small changes withEs/N0. The
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Fig. 7. Capacity-achieving input distribution forEs/N0 = 12.6dB

simulation results show that the positions, probabilities, and
numbers of the mass points vary significantly with changing
Es/N0 to achieve the channel capacity. Therefore, a chosen
alphabet is only able to approach the optimal input distribution
for a small region ofEs/N0.

We already mentioned that the capacity increases with the
PAPR ρ. This fact is mirrored by the increasing asymmetry
of the optimal input distribution. Under a certain minimum
Es/N0 value (depending onM and ρ), the achieving input
distribution only consists of two mass points, whose proba-
bilities can be expressed by[p(0), p(A)] = [(ρ − 1)/ρ, 1/ρ],
which shows that the asymmetry of the probability increases
with the PAPRρ. In this region of lowEs/N0 values, on-off
keying (OOK) is always an optimal modulation alphabet. For
higherEs/N0 values higher-order PAM is optimal, where the
optimality is only given over a small region ofEs/N0.

VI. CONCLUSION

We have presented the capacity and capacity-achieving input
distribution of the energy detector. Using the Blahut-Arimoto
algorithm combined with a particle method, the positions and
probabilities of the optimal mass points were found. The sim-
ulation results have shown that the optimal input distribution,
if an AP and PA constraint are applied, is always discrete with
a finite number of mass points and that always mass points at
zero and maximum amplitude appear. Also it was shown that
the capacity increases with decreasing noise dimensionality
M and increasing PAPRρ. For alphabets with only two mass
point the latter behavior can be seen through the increasing
asymmetry of the optimal input alphabet. Furthermore, the
results point out that for lowEs/N0 OOK is always an optimal
modulation scheme and for higherEs/N0 values higher-order
PAM are optimal.
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