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Mean State Duration

• Probability for duration d in state i (characteristic of Markov chain):

Pi(d) = P (Q|Θ, q1 = si) = (aii)
d−1(1 − aii), d = 1, 2, . . .

with Q = {si, si, . . . , si
︸ ︷︷ ︸

d times

, sj}, j 6= i,
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• Expected number of observations in a state:

d̄i =

∞∑

d=1

d Pi(d) =

∞∑

d=1

d (aii)
d−1(1 − aii) =

1

1 − aii

Weather example: d̄ = 1

1−0.8
= 5 (days), d̄ = 2.5, d̄ = 2

State duration probability = exponential function of d,
not appropriate for phoneme duration!
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Semi-Markov Model

HMM with explicit duration modeling

si sj

aij

aii ajj

aij
si, Pi(d) sj, Pj(d)
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• q1 = si, acc. to πi

• d1 chosen acc. to Pi(d)

• Observations x1, x2, . . . , xd1
generated acc. to joint emission probability

bi(x1, x2, . . . , xd1
), generally assumed independent ⇒=

∏d1

n=1
bi(xn)

• Transition to next state q2 = sj , j 6= i, (aii = 0)

Equivalent to conventional HMM if Pi(d) = (aii)
d−1(1 − aii)
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Problem 1 for Semi-Markov Model

HMM Problem 1: P (X|Θ) = ?

Assumption: entire state duration intervals are included in observation
sequence

• First state begins at n = 1

• Last state ends at n = N

Definition: Forward variable αn(j)

• αn(j) = P (x1, x2, . . . , xn, sj ends at n|Θ)

Assumption: r states are visited during n observations

• q1, q2, . . . , qr, with durations d1, d2, . . . , dr

Constraints: qr = sj ,
∑r

l=1
dl = n

Problem: State durations dl unknown
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Problem 1 for Semi-Markov Model

Forward variable (sums over all states q, and all state durations d):

αn(j) =
∑

q

∑

d

πq1
Pq1

(d1) P (x1, x2, . . . , xd1
|q1)

· aq1q2
Pq2

(d2) P (xd1+1, xd1+2, . . . , xd1+d2
|q2)

. . .

· aqr−1qr
Pqr

(dr) P (xd1+d2+...+dr−1+1, . . . , xn|qr)

By induction:

αn(j) =

Ns∑

i=1

D∑

d=1

αn−d(i) aij Pj(d)

n∏

s=n−d+1

bj(xs) (1)

D . . . maximum state duration (Pj(d) = 0, d > D)
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Problem 1 for Semi-Markov Model

Initialization of forward variable:

α1(j) = πj Pj(1) bj(x1)

α2(j) = πj Pj(2)

2∏

s=1

bj(xs)

︸ ︷︷ ︸

d1=2, in state sj

+

Ns∑

i=1
i6=j

α1(i) aij Pj(1) bj(x2)

︸ ︷︷ ︸

d1=1, in state si→ state sj at n = 2

α3(j) = πj Pj(3)
3∏

s=1

bj(xs) +
2∑

d=1

Ns∑

i=1
i 6=j

α3−d(i) aij Pj(d)
3∏

s=4−d

bj(xs)

...

αD(j) = . . .

For n > D: use eq. (1)
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Parameter Update/Properties

HMM parameter update:

• Optimization of parameters (problem 3) possible, see Rabiner (1989)

Properties of Semi-Markov Models:

+ modeling quality significantly improves for some problems

− greatly increased computational load (cf. eq. (1))
• D× storage
• D2/2× computations (e. g., D = 25 → 300×)

− Pj(d) must be estimated, D new parameters/state
⇒ parametric Pj(d) (Gaussian, Gamma-distr., Uniform in [dmin, dmax])
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Other duration models

Duration modeling by using tied internal states:

1

1

Pj(1)

Pj(2)

Pj(3)

bj()

tied states

sj

Simulation of the semi
Markov model with tied
emission probabilities

bj()

tied states

sj

Duration limiting:
3 ≤ d ≤ 5

tied transition
probabilities

bj()

tied states

ajj

ajj

ajj

sj

“Replikantenmodell”, tied
state transition probabilities
Pj(d) = ad−l

jj (1−ajj)
l
(
d−1

l−1

)
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