Eigenschaften der Fourier-Reihe fiir zeitkontinuierlichen (periodische) Signale

TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES

Property Section Periodic Signal Fourier Series Coefficients
x(f) | Periodic with period T and a
y(¢) | fundamental frequency wo = 27/T by
Linearity 3.5.1 Ax(t) + By(®) Aay + Bb, o
Time Shifting 352 x(t — tp) aje kool = g, e /Ko
Frequency Shifting g/Mwot = gIMQITY 5 (1) Apept
Conjugation 356 X" (1) as,
Time Reversal 353 x(—1) a-
Time Scaling 354 x(aet), o > 0 (periodic with period T/a) ay
Periodic Convolution J x(r)y(t — m)dr Taby
-
Foo
Multiplication 355 x(D)y(t) > abi
= —c
e o ax(t , L 2
Differentiation fz'(t ) Jkwoay = jk—Fak
Inteorati ' J f ) dt(ﬁnite valued and 1 1 .,
gration —lay = e |G
ntegrat . periodic only if g = 0) Jkeog ) jkCwIT) )™
a, = a"_ k
Refay} = Relai}
Conjugate Symmetry for 356 x{t) real Imia) = —9Imia .}
Real Signals la| = |a|
{ak = —{a_k
Real and Even Signals 3.5.6 x(t) real and even a, real and even
Real and Odd Signals 356 x(1) real and odd a; purely imaginary and odd
Even-0Odd Decomposition {xe(t) = &{x(O} [x(p) real] Refa}
of Real Signals x,() = Od{x()}  [x(1) real] jmiai)

Parseval’s Relation for Periodic Signals
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Source: Oppenheim and Willsky, “Signals and Systems”



Eigenschaften der Fourier-Reihe fiir zeitdiskrete (periodische) Signale

TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Property Periodic Signal Fourier Series Coefficients
x[n]} } Periodic with period N and ar } Periodic with
y[n] | fundamental frequency wo = 27/N by | period N

Linearity Ax[n] + By[n] Aa; + Bb,

Time Shifting x[n — ngl ape” FaNm

Frequency Shifting /M@ x ] Ar-nt

Conjugation x*[n] a-,

Time Reversal x[~n] a-y

Time Scaling

Periodic Convolution
Multiplication
First Difference

Running Sum

Cenjugate Symmetry for
Real Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition
of Real Signals

x[nsm), if nis 2 multiple of m

*ln] = 0, if n is not a multiple of m

(periodic with period mN)

S Hrlyin -1

r={N}y
x[nlyln]
x[n] — x{n — 1]
& finite valued and periodic only
> xlk,
= ifag = 0
x[n] real

x{n] real and even
x[n] real and odd

{xe[n] = &v{x[n]} [x[n]real]
x,[n] = Od{x[n]} [x[n]real]

1 a viewed as periodic
m' “\with period mN

Naghs

Z arby_

{=(Ny
(1 - e—jk(ZvT/N))ak

1

a, = a.,
Refai} = Refai}
ghb{ak} = —dmia_i}
larl = la
{ak = —{a_k
a; real and even ,
ay purely imaginary and odd
Relar}
j9mia}

Parseval’s Relation for Periodic Signals

1 2 2
I 2 ix[n]' = Z lak{

n=(N} k=(N} -

Source: Oppenheim and Willsky, “Signals and Systems”

Anmerkung: Die Grundfrequenz wird in der VL durch 6y = 27 /N ausgedriickt



Eigenschaften der diskreten Fourier-Transf. (DFT) (fiir zeitdiskrete Signale der Liange N)

TABLE 8.2
Finite-Length Sequence (Length N) N-point DFT (Length N)
1. x[n] X[k
2. xi[n]. x[n] X1 [k], X[k
3. axy[n] + bxa[n) a X[kl + bX,[k]
4. X|n] Nx[((—=k)n]
5. x[((n — m))n] Wi X (k]
6. ng,'e”x[n] X[((k— £)n]
N-1
7. Z x1(m)xz[((n — m))n] X, [k X[ k]
m=0 1 Nl
8. xi[njxaln] N Z X1(0) X[ ((k— )n]
£==0
9. x*[n] X*((=k)N]
10. x*[{(—n))n] X*[k]

11. Re{x[n]}

12, jImix[nl}

13, xepln] = %{x[n] + x*[((=n)N]}

14 xopln] = 2(x[n] = x*[((-m)N1}
Properties 15-17 apply only when x[n] is real.

Xep[K] = LXT((R)N] + X ()N
Xoplh] = H{XT((k)N] — X*[(=R)IN])
Re{ X[k]}

JIm{XTk}}

X[k = X*[((=R)n]
Re(X[K]} = Re{X[((—R)N]}
T X[k]) = —Tm{X[((-=R)n]}

| X[K]l = 1 X[((=R)n]I
UX[E) = —UX((-R)N]

Re{ X[k]}
jIm{ X[k}

15. Symmetry properties

16, xepln] = %{x[n] + x[((—m)) N1}
17, xopl] = Lxln] — x[((=m)w])

Source: Oppenheim, Schafer, and Buck, “Discrete-Time Signal Processing”

Definitionen:

e z[n] fiir n =0,1,..., N — 1 ist ein zeitdiskretes Signal der Léinge N, X[k] fir £ = 0,1,..., N — 1 ist die
N-Punkt DFT von z[n]. Beide Signale sind gleich Null, auflerhalb dieser Definitionsbereiche.

e Die Notation ((n))y bezeichnet die Modulo-Operation: ((n))y = (n modulo N)

e Die komplexe Konstante Wy = e7?7/N): Betrag = 1; Phase = —27/N. Achtung: negatives Vorzeichen!
3. Linearitat

4. Dualitat

5./6. Zyklische (modulo N) Zeit- bzw. Frequenzverschiebung

7. Zyklische Faltung (Multiplikation im Frequenzbereich)

8. Multiplikation im Zeitbereich (zyklische Faltung im FB)

9./10. Komplexe Konjugation im Zeit- bzw. Frequenzbereich



Eigenschaften der Fourier-Transformation (fiir zeitkontinuierliche, aperiodische Signale)

TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x() X(jw)
y(t) Y(jw)
431 Linearity ax(t) + by(@) aX(jw) + bY(jw)
432 Time Shifting x(t = 1g) eI X (jw)
4.3.6 Frequency Shifting el x(z) X(jlw — wy))
433 Conjugation x7(r) X~ jw)
435 Time Reversal x(—1) X(— jw)
435 Time and Frequency x{ar) [«1—]}{ (&)
Scaling o a
44 Convolution x(t) = y(©) X(jw)Y(jw)
45 Multiplication x(H)y(r) Q%X (jo)*Y(jw)
434 Differentiation in Time %x(r) JeX(jw)
434  Integration J x(n)dt },lz)q j@) + TX(0)8(w)
4.3.6 Differentiation in tx(1) J —d—X (jw)
F dw
requency
X(jw) = X' (- jw)
Re{X(jw)} = Re{X(— jo)}
433 Conjugate Symmetry x(r) real In{X(jw)} = —Im{X(— jw)}
for Real Signals X(jw)l = [X(— jw)l
| $X(Jw) = —4X(—jow)
433 Symmetry for Realand  x(¢) real and even X(jw) real and even
Even Signals
433 Symmetry for Realand  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
Xell) = 8 X al (R ]
433 Even-Odd Decompo- we(t) vix®} - [x() real] . Q{X(jfv)}
sition for Real Sig- %0 = 0d{x(0)} [x(f)real]l  jIn{X(jw)}
nals
4.3.7 Parseval’s Relation for Aperiodic Signals

-t

f i lx(OPdt =

= [ xGorde

Source: Oppenheim and Willsky, “Signals and Systems”



Fourier-Transformationspaare (fiir zeitkontinuierliche Signale)

TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periedic)
+o +oe
Z agelteo 27 z a;8(w — kwg) ay
k=2 P
. =1
glwo! 2m8{w — wy) o

ap = 0, otherwise

B

a = . = .
cOS wo! 7[8{w — wy) + 6(w + wo)] PE A =3 )
a; = 0, otherwise
]
= —d_ =
sin wef z[ﬁ(w — wq) — 8w + wg)] @ ' 2
J a; = 0, otherwise

ao=1, a;\»=0,k?£0
x(6) =1 27 8(w) this is the Fourier series representation for
any choice of T > 0

Periodic square wave

L l<T, v s .
.lf(f) = {O, T, < M < % Z 2 sin kwoT 8((:) _ kwo) woTy sinc (konl - sin kwoT
24 k T kr
and k=
x(t+T) = x(t)
b 27 <= 2mk 1
nzwa(t e nT) "T— ;{»6 ((z) - "‘T—‘) a = T forall k
< .
x(t){ 1, ?t! T, 2sineoT; .
0, lf|>T w
sin Wt . I, o<W
X(jw) = { o] —
i 0, lw|>W
&(n) 1 —_
1
u(®) — + 7 6(w) —
Jw
8¢t ~ 1) e It —
e u(r), Rela} > 0 1 —
’ a+ jo
1
~ar > o .
te™u(r), Refa} > 0 @Tjor
(","::)! e u(t), 1
Refa} > 0 (a+ jo)

Source: Oppenheim and Willsky, “Signals and Systems”



Eigenschaften der Fourier-Transformation fiir zeitdiskrete, aperiodische Signale (DTFT)

TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section  Property Aperiodic Signal Fourier Transform
x[n] X(ef‘”)} periodic with
v[n} Y(ej‘f) period 27
53.2 Linearity ax{n] + by[n] aX(e’?) + bY(e!?)
5.3.3 Time Shifting x[n — ny) e M X (o)
5.3.3 Frequency Shifting e/ x[n] X(e/tomwny
534 Conjugation X X (e )
53.6 Time Reversal x[~n] X(e )y
x{n/k], if n = multiple of & o
5.3.7 Time Expansion xplnl = { (/i 1 el .1p €0 X(e/™)
0, if n # multiple of & _
5.4 Convolution x[n] = v[n] X(e/)Y(e!)
55 Multiplication x{nlv[n] EI;J X(e®YY(e/“")d8
535 Differencing in Time x[n] — x[n — 1] (1 — e /)X(e)
535 Accumulation > alk] T X(e™)
fm —
+7X(e!") Z 8w — 2k)
k=—mn
X(el®
538 Differentiation in Frequency  nx[n] L ;Z )
[ X(e) = X*(e7 /)
®RelX (™)} = Re{X(e )}
534 Conjugate Symmetry for x[n] real In{X(e/*)}) = ~9Im{X(e )}
Real Signals IX(e/)] = [X(e )|
LX ey = —LX(e ™)
534 Symmetry for Real, Even x[n] real an even X(e®) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e/®) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &v{x[n]} [x[n] real] Re{X(e’)}
of Real Signals vo[n] = Od{x[n]} [x[n] real] JIm{X ()}
5.3.9 Parseval’s Relation for Aperiodic Signals

2

n=

Z [x[nlf = ELLW X (e’ dw

T

Source: Oppenheim and Willsky, “Signals and Systems”

Anmerkung: Die Frequenzvariable wird in der VL durch 6 ausgedriickt, d.h., die DTFT ist X (e?%)



Fourier-Transformationspaare (fiir zeitdiskrete Signale)

TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
~ PkQniNn = 2k
l apel M 2 z aré (w - —N—> ag
K= K== '
(@ g = 3",{,—”’
jwgn 5 ia( 2ml) I, k=mm=Nm=2N,...
2 i w —wy = 27 a =
= 0 g 0, otherwise
(b) 5% irrational > The signal is aperiodic
@ wy =3¢
i 1 = +m*m=N tm+2N, ...
cos wgn T Z {8(w — wg = 2ml) + 8w + wg — 271)} a =1{7 k=xmzmxN, tm=2N,
=T 0, otherwise
(b) 2 irrational > The signal i§ aperiodic
@ o =%
. 7'7, k=rrxNrx2N..
sinwgn 111 Z{S(w—wo—%ﬂ)—b‘(w+w0—2'n'l)} a, = —5*7, k= —r,—rxN -r=2N, ...
e { 0, otherwise )
(b) % irational 3 The signal is aperiodic
o 1, k=0 %N, *2N,...
x[nl =1 2ar S‘ 8w — 2ml) a; = .
= 0, otherwise
Periodic square wave
1, =N sinfQmk/NYN + 3
xin) = Il = N i 2k oy = SMQTHNIN = 50 Lo en, 22N, ..
0 NM<h=N2 | 2w akﬁ(w - —N—) N Sin2m k2]
2 (= o 2
and ¢ ao= 2 o xN N,
x[n+ N1 = x{n]
- 2 = 2wk !
k;x&n — kN} N Z@S (w - T) a, = N forall k
a“uln}, lal <1 ——1———— —
I —aqe /@
L o =N sinfw(N; + 1))
x[n) i S —_
0, ol >N sin(w/2)
in Wr I, 0sjwl=W
sinWn _ W Wn = ’
T 7 Sinc ( T ) X(w) 0 W< iwl <n o
O<W<m X(w) periodic with period 27
8[n) 1 —
1 s
uln] T T k;m 78w ~ 27k) —
S{n — ngl e~ e —
(n+ Da'uln], laj <1 ——————l————-— —
) ’ (1 — ae i)
fa b p - 1
S 1)'0"01[11], lal <1 l —

nl(r—=1n!

(1 —ae= 1)y

Source: Oppenheim and Willsky, “Signals and Systems”



Zusammenfassung der Fourier-Transformationen und Reihen

TABLE 5.3 SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Continuous time Discrete time
Time domain Frequency domain Time domain Frequency domain
[ [
£) = 1 = = =
xi(-?m Jkwgt I alk jheegy 1 X[n] k(2N YR : alk = Jk(2w/N)n
ke —w gl . 7 I, x0)e ke 3 kv axe’ ' § 2 k=) *lnle
Fourier ! 1
- - . I
Series | continuous time | discrete frequency discrete time discrete frequency
periodic in time ! aperiodic in frequency % periodic in time A periodic in frequency
x(r) = . X(jew) = x[n] = : X(eja =
3 |2 X(jo)edeo ! bl X PIIE g
Fourier i h ‘
Transform continus)u‘s til:ne w contingous frequency : continuous frequency
aperiodic in time - aperioglic in frequency aperiodic injtime i periedic in frequency
1

Source: Oppenheim and Willsky, “Signals and Systems”




